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An isomorphism Theorem for Yokonuma—Hecke algebras 
and applications to link invariants 

N. Jacon and L. Poulain d’Andecy 

Abstract 

We develop several applications of the fact that the Yokonuma-Hecke algebra of the general linear group GL is 
isomorphic to a direct sum of matrix algebras associated to Iwahori-Hecke algebras of type A. This includes a 
description of the semisimple and modular representation theory of the Yokonuma-Hecke algebras of GL and a 
complete classification of all the Markov traces for them. Finally, from these Markov traces, we construct 3-variables 
polynomials which are invariants for framed and classical knots and links, and investigate their properties with the 
help of the isomorphism. 

1 Introduction 

1 . 1 . The Yokonuma-Hecke algebras have been introduced by Yokonuma in [22] as centraliser algebras of 
the permutation representation of Chevalley groups G with respect to a maximal unipotent subgroup of G. 
They are thus particular cases of unipotent Hecke algebras and they admit a natural basis indexed by double 
cosets (see m for more details on general unipotent Hecke algebras). For the Yokonuma-Hecke algebras, 
the natural description has been transformed into a simple presentation with generators and relations muni. 
Assume that q is a power of a prime number then, from this presentation, one can observe that the Yokonuma- 
Hecke algebra of G = GL„(F 9 ) (sometimes called the Yokonuma-Hecke algebra of type A) is a deformation 
of the group algebra of the complex reflection group of type G(d, 1, n), where d = q — 1. 

In this paper, we will consider the generic Yokonuma-Hecke algebras {n € Z>o) depending on two 
indeterminates u and v and a positive integer d, over the ring C[u ±:L , u]. The algebra is also a deformation 
of the group algebra of the complex reflection group of type G{d , 1 ,n), for any d , and the Yokonuma-Hecke 
algebra of GL n (F 9 ) is obtained by considering the specialization u 2 = q, v = q — 1 and the case d = q — 1. 

There exist others well-known deformations of complex reflection groups of type G(d, l,n) which have 
been intensively studied during the last past years : the Ariki-Koike algebras. These algebras turn out to 
have a deep representation theory (in both semisimple and modular cases) which is now quite well-understood 
(see for example [5] for an overview). 

Generalizations of Yokonuma-Hecke algebras associated to Chevalley groups appeared in the work of G. 
Lusztig on character sheaves m- In this work, it is proved that these algebras are isomorphic to certain 
direct sums of matrix algebras over classical Iwahori-Hecke algebras. For the Yokonuma-Hecke algebras Yd, n 
under consideration here, it turns out that the Iwahori-Hecke algebras appearing in the matrix algebras are 
all of type A. 

Coherently with this result, the set of simple modules for Y r i n has been explicitly described in the semisim¬ 
ple situation in combinatorial terms in [5] (see also |20| for general results on the semisimple representation 
theory of unipotent Hecke algebras), and a criterion of semi simplicity has been deduced. In addition, a 
certain symmetrizing form has been defined and the associated Schur elements (which control a part of 
the representation theory of the algebra) have been calculated directly. They appear to have a particular 
simple form, namely products of Schur elements of Iwahori-Hecke algebras of type A. This suggests an 
interpretation of this symmetrizing form and its Schur elements with the help of the isomorphism. 

In another way, a motivation for studying the Yokonuma-Hecke algebra comes from topology and more 
precisely the theory of knot and link invariants. Indeed, the algebra Yd t n is naturally a quotient of the 
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framed braid group algebra, and in turn can be used to search for isotopy invariants for framed links in the 
same spirit as the Iwahori-Hecke algebra of type A is used to obtain an invariant for classical links (the 
HOMFLYPT polynomial). 

In [TO] , Juyumaya introduced on Y^.n an analogue of the Ocneanu trace of the Iwahori Hecke algebra of 
type A. This trace was subsequently used by Juyumaya and Lambropoulou to produce isotopy invariants 
for framed links mm Remarkably, they also produced isotopy invariants for classical links and singular 
links mini. Even though the obtained invariants for classical links are different from the HOMFLYPT 
polynomial (excepted in some trivial cases), all the computed examples seem to indicate that the invariants 
for classical links obtained from Yd, n so far are topologically equivalent to the HOMFLYPT polynomial [2]. 
In fact, if we restrict to classical knots, such an equivalence has been announced in [Tj. 

Again, a natural strategy is to seek for an explanation of this fact starting from the isomorphism con¬ 
necting the algebra Yd, n with Iwahori-Hecke algebras of type A. 

1 . 2 . In this paper, we give several answers and results in both directions: the representation theory and the 
knots and links theory. After recalling several results and detailing the structure of the algebras (in Section 
m , in the third section, we provide explicit formulas for an isomorphism, over the ring C[u ±:L , v], between the 
Yokonuma-Hecke algebra Yd t „ and a direct sum of matrix algebras over tensor products of Iwahori-Hecke 
algebras of type A. The direct sum is naturally indexed by the set of compositions of n with d parts. This 
result is in fact a special case of a result by G. Lusztig [T51 §34], For the subsequent developments, it is 
convenient for us to start from the presentation of Yd^ n adapted to framed links theory. Therefore, for later 
use and in order to be self-contained, we give full details. The explicit formulas for the isomorphism (and 
its inverse) will allow us to concretely translate questions and problems from one side to the other. 

Then, we first develop in Section[|]the applications of the isomorphism theorem concerning representation 
theory. Indeed, the isomorphism can be rephrased by saying that the Yokonuma-Hecke algebra Y ( i, n is Morita 
equivalent to a direct sum of tensor products of Iwahori-Hecke algebras of type A. As the result is valid 
in the generic situation (over the ring C[w ±1 ,u]), it passes to the specializations of the parameters u and 
v. This implies that both the semisimple and the modular representation theories of Yd >n can be deduced 
from the corresponding ones of the Iwahori-Hecke algebra of type A, which are well-studied (see e.g. |7j). 
In particular, the classification of simple modules of Yd : n and the decomposition matrices (in characteristic 
0) follow. 

In addition, the isomorphism theorem provides a natural symmetrizing form on Yj n derived from the 
canonical symmetrizing form of the Iwahori-Hecke algebra of type A. As a first application of the explicit 
formulas, we show that this symmetrizing form actually coincides with the symmetrizing form defined in [3], 
which provides a direct proof and an explanation of the form of the Schur elements. 

1 . 3 . Another class of applications of the isomorphism theorem concerns the theory of classical and framed 
knots and links (Sections [5] and [6]). Indeed, we obtain a complete classification of the Markov traces on 
the family, on n, of the Yokonuma-Hecke algebras Yd.n (Theorem 15.3D . This is done in two steps. First we 
translate, with the help of the isomorphism theorem, the Markov trace properties into properties of traces 
on tensor products of Iwahori-Hecke algebras of type A; then we fully characterize these traces using the 
known uniqueness of the Markov trace on the Iwahori-Hecke algebras of type A. In particular, we show that 
all the Markov traces on YJ n are related with the unique Markov trace on the Iwahori-Hecke algebras of 
type A. 

We note that we use a different definition of a Markov trace on Yd jn than in ma m ii m In there, 
the standard approach initiated by Jones for classical links was followed (see [3] and references therein). The 
first step is the construction on Yd. n of an analogue of the Ocneanu trace by Juyumaya (10] . Additional 
conditions were imposed in [lOj in order to obtain the existence and unicity of this trace. Then, a rescaling 
procedure is necessary to construct invariants and, as it turned out, the trace does not rescale directly as in 
the classical case. A non-trivial rescaling procedure was implemented by Juyumaya and Lambropoulou in 
mmm by means of the so-called "E-system" and led to further restrictions on the parameters. 
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In the definition we use here for the Markov trace on Yd, n , the imposed conditions are the minimal ones 
allowing to obtain link invariants, namely, the centrality and the so-called Markov condition (see Subsection 
15.21) . This will allow us to avoid any kind of rescaling procedure during the construction of invariants. This 
approach is explained in [7J §4.5] in the classical setting of the Iwahori-Hecke algebras of type A. 

With the definition used here, the space of Markov traces has a structure of C[u , c ±1 ]-module. Our 
approach via the isomorphism theorem provides a distinguished basis, which is indexed by the set of compo¬ 
sitions into d parts with all parts equal to 0 or 1. Thus the space of Markov traces on the Yokonuma-Hecke 
algebras has dimension 2 d — 1. 

1.4. Finally, the last section is devoted to the construction and the study of invariants for classical links 
and framed links. Following Juyumaya and Lambropoulou, we realize Yd, n as a quotient of the framed 
braid group. Actually we do more: we introduce a one-parameter family of liomomorphisms from the group 
algebra of the framed braid group to the algebra Y^.n (deforming the canonical homomorphism). Then, for 
each homomorphism of this family and each Markov trace on Y ( i. n - we construct an invariant for classical 
and framed links. As mentioned above, no rescaling is needed and the invariant is simply obtained by the 
composition of the homomorphism followed by the Markov trace. 

The obtained invariants are Laurent polynomials in three variables: two of these variables are the param¬ 
eters u and v in the definition of Yd, n , and the third one is the parameter appearing in the homomorphism 
from the group algebra of the framed braid group to Yd jn . Among these invariants, we recover the ones 
obtained by Juyumaya and Lambropoulou by taking a particular value for this third parameter and some 
specific Markov traces. 

Restricting to classical links, we use our construction via the isomorphism theorem to prove two results 
devoted to the comparison of the obtained invariants with the HOMFLYPT polynomial. 

First we show that the HOMFLYPT polynomial is contained in them. More precisely, among the 2 d — 
1 basic Markov traces, there are d of them whose associated invariants coincide with the HOMFLYPT 
polynomial. These basic Markov traces are the ones indexed by compositions into d parts with only one part 
equal to 1 and all the others equal to 0 (in the particular case of the Juyumaya-Lambropoulou invariants, 
this result corresponds to [2 Corollary 1]). 

Then, we show that the invariants obtained from the others basic Markov traces are always equal to 0 
when applied to a classical knot. For classical knots, this solves completely the study of these invariants, 
which are thus shown to be topologically equivalent to the HOMFLYPT polynomial. This gives, in particular, 
a different proof of results of [3] about the Juyumaya-Lambropoulou invariants. 

Notations. 

• We fix an integer d > 1, and we let {£i,..., £<$} be the set of roots of unity of order d. We will often 
use without mentioning that ^ ]Co< s <cZ-i £a£b~ s ' s equal to 1 if a = b and is equal to 0 otherwise. 

• Let A be an algebra defined over a commutative ring R. If R' is a commutative ring with a given 
ring homomorphism 0 : R —> i?', we will denote the specialized algebra R' g A := R' A where the 
tensor product is defined via 9. In particular, if R' is a commutative ring containing R as a subring, 
we denote simply by R'A := R’ A the algebra with ground ring extended to R'. 

• We will denote by M* j an elementary matrix with 1 in position (i,j) and 0 everywhere else (the size 
of the matrix will always be given by the context). 

Acknowledgements. The authors thank Cedric Bonnafe, Sofia Lambropoulou and Ivan Marin for useful 
discussions and comments. The authors are grateful to George Lusztig for indicating the reference [19] . The 
first author is supported by Agence National de la Recherche Projet ACORT ANR-12-JS01-0003. 
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2 Definitions and first properties 

2.1 The Iwahori-Hecke algebra of type A 

Let n £ Z>i and let u and v be indeterminates. The Iwahori-Hecke algebra H n of type A n _\ is the associative 
C[u ±:L , u]-algebra (with unit) with a presentation by generators : 

Ti,, T n _ i, 

and relations : 

T{Tj = TjTi for alH, j = 1,..., n — 1 such that |% — j\ > 1, 

TjTj+iTj = T i+1 TiT i+ i for alH = 1,..., n - 2, (1) 

Tf = u 2 + vTi for all i = 1 ,... ,n— 1. 

Note that Hi = C[u , u]. It is convenient also to set Ho := C[it , i>]. 

Let I? be a ring and let 9 : C[u , v\ —> R be a specialization such that 9{u 2 ) = 1 and 0{v) = 0 then the 
specialized algebra RgH n is naturally isomorphic to the group algebra R6 n of the symmetric group. 

Remark 2.1. Let q be an indeterminate. Another usual presentation of H n is obtained by the specialization 
9 : —> C[g,q _1 ] given by 9{u 2 ) = 1 and 9(v) =q — q~ x . A 

Let w £ & n and ... sp a reduced expression of w (where (*i,..., i r ) £ (1,..., n — l} r and Si £ 6 n 
denotes the transposition (i,i + 1) for i = — 1). Then, by Matsumoto’s lemma (see [2 §1.2]), 

the element T tl ... Ti r does not depend of the choice of the reduced expression of w and thus, the element 
T w := Tjj ... T lr is well-defined. Then H n is free as a C[u ±:L , v ]-module with basis {T w \ w £ & n } (see [7J 
Thm. 4.4.6]). In particular it has dimension n\. 

We also set Ti := u _1 Tj, for i £ (1,..., n — 1} and, 

T w := u-^T w =T il ... f ir , for w £ & n . (2) 

where £(w) is the length of w. The set {T w \ w £ 6„} is also a C]?^ 1 , u]-basis of H n . 

2.2 Compositions of n 

Let Comp d (n) be the set of compositions of n with d parts (or d-compositions of n), that is the set of 
d-tuples of non negative integers p = [pi ,..., pg) such that Xu< a <d l J ' a = n - se ^ ^-compositions of n 
is denoted by Comp d (n). We denote by \p\ := n the size of the composition p. 

For p £ Comp d (n), the Young subgroup is the subgroup x • • • x © Md of & n , where © Ml acts on 
the letters (1,..., pi}, ©acts on the letters {p\ + 1 ,p 2 }, and so on. The subgroup © M is generated 
by the transposition (i, i + 1) with i £ := {1,..., n — 1} \ {pi, p\ + p 2 ,..., pi + ... + Pd-i}- 

Similarly, we have an associated subalgebra H M of H n generated by {Ti \ i £ 1^}- This is a free 
Cpu , u]-module with basis {T w \ w £ ©^} (or [T v , | w £ © M })- The algebra H^ is naturally isomorphic 
t° ■ • ■ <8> where the tensor products are over C[u ±:L , v\. Note that the defining relations of W 1 in 

terms of the generators T) with i £ 1^, are the relations from m involving only those generators. 

Let p £ Comp d (n). For a £ {1,..., d}, we denote by p^ a 1 the composition in Comp d (n + 1) defined by 

/4 al := A*6 if b ^ a, and p [ ^ := p a +1 . (3) 

Conversely, if p a > 1, we define /i[ a ] £ Comp d (n — 1) to be the unique composition such that 

(^[o]) [o1 = H ■ (4) 
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We also define the base of fi, denoted by [/t], to be the ^-composition defined by 


\M]a = 


1 if Ha > 1, 

0 if Ha = o, 


for a = 1 ,,d. 


The composition [fi] belongs to Comp d (A r ) where N is the number of non-zero parts in p,. We denote by 
Comp^(n) the set of d-compositions of n where all the parts belong to {0,1}, and we set 


Comp° := (J Comp ° d (n) = | g G (J Comp d (n)} . (6) 

n >1 n >1 

2.3 The Yokonuma-Hecke algebra 

We define the Yokonuma-Hecke algebra Y,i. n as the associative C[u ±:L , v]-algebra (with unit) with a presen¬ 
tation by generators: 

5l) • j 9n— lj f ... f t ni 

and relations: 


(7) 


9i9j 

II 

for all i,j = 1, 

..., n — 1 such that | i 

9i9i+l9i 

— 9i+l9i9i+l 

for all* = 1,.. 

■,n- 2, 

titj 

= tj ti 

for all i,j = 1, 

...,n, 

9itj 

II 

for all * = 1,.. 

., n — 1 and j = 1,... 


= 1 

for all ;/ = !,. 

,.,n, 

9 2 

= u 2 + veigi 

for all* = 1,.. 

■,n- 1, 


where, for all i = 1,..., n — 1, 


0<s<d—l 


Note that the elements are idempotents and that we have g^i = etgi for all i = 1,... ,n — 1. The 
elements g j are invertible, with 


9i 1 = u 2 9i ~ u 2 vei , 


( 8 ) 


for alH = 1,..., n — 1. 

We also set 

g i :=u- 1 g i , for i e {1,..., n - 1}. 

We note that gf = 1 + u~ 1 vei^gi and also that g~ 1 = gi — u~ 1 vei , for i = 1,..., n — 1. 

Let R be a ring and let 9 : C[u , u] —> R be a specialization such that 9(u 2 ) = 1 and 9(v) = 0 then the 
specialized algebra RoYd,n is naturally isomorphic to the group algebra RG(d, 1, n) of the complex reflection 
group G(d, 1, n) = (Z/dZ);© n . Note that in the case where d = 1 then Yi, n is nothing but the Iwahori-Hecke 
algebra of type A n -\ as defined in Subsection l2.ll 

Remark 2.2. The presentation used in [3] of the Yokonuma-Hecke algebra is obtained, similarly to Remark 
12.11 by a specialization 9 : Cftt 1 * 11 , u] — > C[q, g -1 ] such that q is an indeterminate, 9(u 2 ) = 1 and 6(v) = q—q -1 . 
The precise connections between the presentation above and the presentation used in 0 m mm m ns 
will be carefully investigated in Section [G] (see also [3l Remark 1]). A 


We set, for w € & n and ... Si r a reduced expression for w 
g w := g tl ... g lr and 


g w :— u ( ^9w — 9ii ■ ■ ■ 9i r 


(9) 


Again, by Matsumoto’s lemma (see Cl §1.2]), the elements g w and g w are well-defined. The following 
multiplication rules in Y^ n follow directly from the definitions. For w G & n and i € {1,..., n — 1}, we have 


9w9i = 


g wSi if l(wsi) > l(w), 

9wsi + u~ 1 vg w e i if l(wsi) < l(w); 


( 10 ) 
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~~ f g Si w if l(siw) > l(w ), 

9l9w l g Si w + u- 1 ve i g w if l(siw) < l{w). 

By uni and Remark 12.21 Y c ] n is a free C[« , n]-module with basis 

{t'l 1 ...t^ n g w | w £ 6„, k x ,...,k n £ Z/dZ} (12) 

and the rank of Yd in is d ra n!. The algebra Yd, n -i naturally embeds in the algebra Yd, n in an obvious way. 

Remark 2.3. For the isomorphism theorem, we will mainly use the elements g.; and g w instead of g t and 
g w . Concerning this part, we could have given the presentation of Yd >n in terms of the generators and 
thus remove one of the variables u or v. However, the generators gi will be used systematically starting from 
Section [5] for applications to links theory. A 


2.4 A decomposition of Y dn 

We consider the commutative subalgebra A n := (t \,..., t n ) of Yd t n- This algebra is naturally isomorphic to 
the group algebra of (Z/dZ) n over C[« , u], and we will always implicitly make this identification in the 

following. 

A complex character \ of the group (Z/dZ)” is characterized by the choice of \{tj) £ {£i,... ,£ d } for 
each j = 1,... ,ii. We denote by Irr(^4„) the set of complex characters of (Z/dZ) 71 , extended to A n - 

Definition 2.4. For each \ G Irr(^„), we denote by E x the primitive idempotent of A n associated to 
that is, characterized by x'(E x ) = 0 if x' ^ X and x(E x ) = 1. 

The idempotent E x is explicitly written in terms of the generators as follows: 


E x = IT (i E xiuyt-i 


l<i<n \ 0<s<c£— 1 

By definition, we have, for all x G Irr(*4. n ) and i = 1,..., n, 

UE X = E x ti = X (U)E x . 


(13) 


(14) 


The symmetric group & n acts by permutations on (Z/dZ)” and in turn acts on Irr(.4„). The action is given 
by the formula: 


w(x)(fj) = x(t w -i(i )), for all i = 1,... ,n, w £ 6„ and x e Irr(.4„). 

In the algebra Y d , n , due to the relation g w ti = t w ^g w for i = 1,..., n and w £ 6 n , we have 

g w E x = E w ^g w and g w E x = E w ^ x ^g w . (15) 


Let x £ Irr(yl„). For a = 1 ,d, denote by g a the cardinal of the set { j £ {1,... ,n} \ x(tj) = £a}- 
Then the sequence (n i,..., g, d ) is a d-composition of n which is denoted by 

Cornp(x) := (in,..., fid) £ Comp d (n) . 

Let /i £ Comp d (n). Then we denote by 

O(g) := (x e Ii -*(A n ) | Comp(x) = g} 


the orbit of the element x G Irr(.A„) under the action of the symmetric group and 


:= I iO,j, = 


n\ 

MiW ..-lid)- 
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Definition 2.5. Let p £ Comp d (n). We set 

e, ■■= E E *= E E x- 

Comp(x)=/J X60(rf 

Due to the commutation relation (1151) . the elements E M , with p £ Comp d (n), are central in More¬ 
over, as the set {E x \ x £ Irr(.A n )} is a complete set of orthogonal idempotents, it follows at once that the 
set { E^ | p £ Comp d (?r)} forms a complete set of central orthogonal idempotents in Y din . In particular, we 
have the following decomposition of Y d ^ n into a direct sum of two-sided ideals: 

Y d , n = 0 E„Y d ,n ■ (16) 

/xGComp d (n) 


2.5 Another basis for Y dn 

We here give another basis for Y d}U using the idempotents we just defined. As the subalgebra A n of Y d , n is 
isomorphic to the group algebra of (Z/dZ) n over C[u , u], the set {E x | x £ Irr(*4„)} is a C[u , u]-basis of 
A n , as well as the set (tj 1 ... | k \,..., k n £ Z/dZ}. So from the knowledge of the C[u ±:L , v\ -basis (fl2l) of 

Yd t n, w e also have that the set 

{E x g w | x £ Irr(Ai), w £ 6„} (17) 

is a C[u , v\ -basis of Y^n- Moreover, this basis is compatible with the decomposition (fTHl) of Y d , n since, for 
p £ Comp d (n), we have E x g w £ -E M Yd,n if and only if Comp(x) = p. In other words, the set 


{E x g w | x £ Ir i-(A n ) with Comp(x) = p, w £ ©„} 
is a C(u , u]-basis of E^Y d ^ n - 

Now we will label the elements of Irr(^4„) in a useful way for the following. This is done as follows. We 
first consider a distinguished element in each orbit 0(p). Let p £ Comp d (n). We denote 

Xi G Irr(X) , 

= ■■■ = Xi(V) = Cl , 

■■■ Xl (^Ml +M2) — C 2 j 

) = ••• = Xi(W = U ■ 

Note that the stabilizer of Xi under the action of 6 n is the Young subgroup 6 M . In each left coset in ©„/© M , 
we take a representative of minimal length (such a representative is unique, see |7J §2.1]). We denote by 


the character given by 

X\ (f/n+i) 

Xl (iui-t- l-fj’d— 1+1 


{ 7r l• ■ • , 

this set of distinguished left coset representatives of ©„/© M with the convention that 7 Ti jAI = 1 (recall that 
mn := (tC?(p)). Then, if we set for all k = 1,..., m 7i : 


Xk :=7T kAx 1 ), (19) 

we have by construction that 

C’(m) = {Xl,---,XmJ • 

To sum up, we have the following C[u ±:1 , v \-basis of Y ( i n \ 

{E x Ag w | w £ ©„, k= 1,..., m M , p £ Comp d (n)} , (20) 

where, for each p £ Comp d (n), the subset {E x ^g w \ w £ ©„, k = 1, is a C[w ±:L , u]-basis of the 

two-sided ideal E^Y d} n- 
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3 The isomorphism theorem 


The aim of this part is to study an isomorphism between Yd <n and ® M gC omp^(n) Matand then to 
analyse the inclusion Yd. n ~i C Yd tU from this point of view. Theorem 13.11 below is in fact a special case of 
a result by G. Lusztig (see [Till §34]). Nevertheless we give full details of the proof as the explicit formulas 
will then be used throughout the rest of the paper. 


3.1 The statement 

Let p £ Comp d (n). We recall that E^Yd^n is a two-sided ideal of Y^.n and is also a unital subalgebra with 
unit Efj,. We define a linear map 

: Mat m(j (R M ) — > EfjYd^n , 

by setting, for any matrix consisting of basis elements T Wi j of 'EY (that is, with Wij £ G M ), 










( 21 ) 


We also define a linear map 

v f'^i : E^Yd^n —> Mat m<j ('H /i ) , 

as follows. Let k £ {1,..., m M } and w £ 6 n , and let j £ {1,..., m^} be uniquely defined (given k) by the 
relation w(Xj) = Xk- Note that we thus have n£ © M . We then set 


^ v(E x »g w ) — T n ~i 




Mfc . 


( 22 ) 


where we recall that M k,j denotes the elementary matrix with 1 in position (k,j). 

Now we can state the isomorphism theorem. Recall the decomposition (fTfil) of Yd.n- 

Theorem 3.1. Let p £ Comp d (n). The linear map ^ is an isomorphism of C[u ±:L ,v]-algebra with inverse 
map In turn, 

:= < f > ^ ; Matm (x (^ M ) —t Td,n 

^GComp d (n) /iGComp d {n) 

is an isomorphism with inverse map: 

’L n := —> (J) Mat m#1 

/xGComp d (n) /xGComp d (n) 


3.2 Preliminary results 

We first prove a series of useful lemmas. 

Lemma 3.2. Let p £ Comp d (n) and i £ {1, ..., m^}. We consider a reduced expression sp ... Si k of 7r^ M . 
Then for all l £ {1,..., k}, we have: 


e h E s il+1 ...s ik (xD - E si l+k ...s ik (xt) e ii 0 

Proof. By definition, 7is the (unique) element of © n with minimal length satisfying 7rj 1J[t (Xi) = Xi ■ As a 
consequence, we have for all? = 1,..., k: 

S k ' S il+l ■ ■ ■ S ik (.Xi ) 7^ s h+l • ■ ■ S ik (Xi) 


which is equivalent to 


Sj i+ 1 . . . Si k (xi )(tii ) 7^ Si l+1 . . . Si k (Xl X^ii+l) • 


Thus by (HU) , we have 


This discussion shows that 


til t ii+i Es H+i--- s i k (xi) = ..s ik (xi) 


for a d-root of unity ^ 1. We conclude that 


E. 


\Ci, Bi, E„, .0. ( \l) ( ^ y £j')-®Sj I + i. 

0<s<d-l 


' s ‘l+i- s ‘fcW) e *i - e *i—»< fc (Xi 


■ s ‘*(Xi) 


= 0 , 


where we note, for the first equality, that e*, commutes with any E x . □ 

Lemma 3.3. For all ft £ Comp d (n), 1 < i,j < and w £ ©„, we have: 

(i) E x » g~^g w g^^E x , = E x ^g w -i w ^E^ ; 

(ii) E x ^g ni J w g-^E x , =^ 9 ^- 1 ^ • 

Proof. Let us denote a reduced expression of by Si ± ... Si k . We have : 

^Xi 9*i,u. 9w = E % v g ik ... g h g w 

= 9i k ■■■9i 2 ^s i2 ...si k (xi) 9i x 9w ■ 

Recall that for all j = 1 ,,n, we have gj 1 = gj — u~ 1 vej. Thus, with repeated applications of Lemma 13.21 
together with the multiplication rule (fill) , we deduce that: 


E xZ 9m, :u 9w g ik ■ ■ ■ 9i 2 E si 2 ...si k (x 1 ) 9s h w 

~ 9i k ■ ■ ■ 9i 3 E Si 3 ...Si k (xi) 9i 2 9s ik w 
= E xt 9„-i w ■ 

Now let us denote by Sj k ... s :n a reduced expression of 7 Tj ;M , we have: 


-1 


E x? 9m „ 9w QiTj u. E x1 — E Xi 9m 1 W 9-n 




■'Xi Vin.u, Xi "XT »7T -*w "XT 

= E Xi 9m fw 9ji ■ ■ ■ 9ji 
— g n - i w gj r -E’s 32 ...s 3 j(xi) 9ii • ■ • 9ii ■ 

As above, with repeated applications of Lemma 13.21 together with the multiplication rule (flOl) , we obtain: 
E Xi 9m,„ 9w E x » = E x » 9 n -f WSJi E s j2 ... Sjl {xx) 9h ■ ■ • 9ji 

= E Xx 9 n -fw Sjl 9j 2 E sj 3 ...s jl (xi ) 9j 3 ---9ji 


- E ^9m\ 


E 


xt > 


which proves item (i). Let us now prove item [ii). We have by m and (fl5l) : 
E Xi 9-rxi,^. 9 w 9-Kj,^ E x% = 9^i,y. E x » g w E x ^ g^ 


^-i 

K j,V 


~-l 


"XT V-Ki E Xx 9 7Tj, 


= mr E. m a 

= 9m.u Ext 9m. u 9m ..wm 1 9m, „ E x » g~ x 


JTTi U WTT 




Xl 37Tj„ 


where the last equality comes from item ( i ). The proof is concluded using that g ni ^E^ g n ^ u = E x ? and 


Qtt . E v » 0 1 = Et,h . 

Xl O-KjXj 


□ 
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Lemma 3.4. Let p £ Comp d (n). The map 

<t>n '■ —*■ E x ? Yd, n E x ^, 

defined on the generators by 

V* £ If. t, (j>fj,(Ti ) = E x ^g,E x i<. 

extends to an homomorphism of algebras. 

Proof. Recall that the subspace E x ^Y,i <n E x ^ is a unital subalgebra of Y ( i n with unit E % ». 
We first note that if i £ 1^ then Si(xi ) = Xi ■ We thus have 


9i E x 5* = E x19i 

and this relation easily implies that the elements E x ^gjE x ^ with i £ I M satisfy the braid relations. It remains 
to check the “quadratic relation”. We have 

( E xS9i E x£) 2 = E Xi9i E Xi 

= u 2 E x »+vE x »e igi E x » 

= u2E x^+ vE xl9i E x1 

The last equality comes from the fact that for i £ we have tiE x a* = ti+iE^, and thus 

e i E Xi = E Xi e * = E Xi ■ 

Thus all the defining relations of TL^ = TL ® • • • (8> are satisfied so that f > M can be extended to a 
homomorphism of algebras. □ 

Remark 3.5. One can actually show that the morphism </> M is an isomorphism. Indeed the lemma implies 
that </> M is given on the standard basis of TU 1 by = E x »g w E x », w £ ©A Moreover, if w £ © M then 

w(xi) = Xi and therefore ^(T^) = E x ^g w . So it remains to check that {E x »g w \ w £ © M } is a basis of 
E x fYd,n E x ^' The li near independence is immediate, while the spanning property follows from the following 
calculation, for a basis element E x ? g w of Y^ n and v £ Comp d (n), 


E Xi ' E xt9w ■ E x 5“ — E Xi E x" E w(xi )9w 


E x ^g w if g = v, i = 1 and w £ ©^; 
0 otherwise. 


In the following, we will not use the fact that (j)^ is actually an isomorphism (actually, it is a consequence of 
Theorem 13.11) . A 


3.3 Proof of Theorem 13.11 


Let p £ Comp d (n). 

1. We first show that is a morphism. Before this, we note that by Lemma l3.3f ii). for all 1 < i. j < 
and w £ ©A we have: 


E, 


E *i 


E xt dm,? 9w g n }^ E xf 
9 ih,v, E Xi 9w E x1 9 tt^ 

9iti^ MT W ) 9n jtll ■ 


( 23 ) 


Now, let i,j, k,l £ m^} and w, w' £ ©A We have: 


^tj,(T w Mjj) ^^(T w rM k ,i) = E x i g „ 


—i E..j’ 

’J.WK. Xi 


E. 


V Q , ~1 E..k- 

U Vnk^w'ir,^ X, 


Xk 
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As E x ? and E % * belong to a family of pairwise orthogonal idempotents, this is equal to 0 if j ^ k. On the 

other hand, we also have that T w My • T w > Mjy; is equal to 0 if j ^ k. 

So it remains only to consider the situation j = k. If j = k, we obtain 


®n(T w Mij) ^(T^My;) 


E. 


Xi 


E *j 




E *i 


< i > nfi'vi) 9nl,n ■ (T w i) 9 n ^ 

9th,h ■ Tw 1 ) 9 -ki ifl > 


(24) 


where we used successively Elf) and Lemma 13.41 On the other hand, we have that T w • T w > My; is equal 
to T w T w f My;. The product T w T w i can be written uniquely as 


C X T X , 

x&e>* 


for some coefficients c x £ C[u ±1 ,i>]. We have now 


®p(T w T w , My;) 


E c * E xt 9 Wi ^~l E x » 


xee^ 

E 

KGS'* 


'y C X 9-Ki,!! ( t ) fi{Tx) 9ni j(J ) 


by (1231) again. Comparing with (EH) concludes the verification that is a morphism of algebras. 

2. We now check that 4*^ and 4/ M are inverse maps. Let w £ &„ and let i £ {1 , Let also 

j £ {1,...,m M } be uniquely defined by xt = w (Xj)- By definition of 4> M and 4/^, we have 


° 'I g w ) — ^it(T 7t -i w% Myj) — E x v g w E x 


As Xj = w 1 (Xi) and E x ? is an idempotent, we conclude that this is indeed equal to E x ^ g w . 
On the other hand, let w £ 6^ and i. j £ {1,..., m M }. 

My,-) = M E x?9* iu ™7' E xS) 


= (because TTy^y^-j(x?) = xt) 


= T_ 




M,- 


where the integer j’ £ {1,... ,to m } is uniquely defined by ^(Xy) = Xi ■ As w £ © M , this condition 

yields j’ = j , which concludes the proof. □ 


Example 3.6. Let d = 2 and n = 4. We will give explicitly in this example the images of g\,... ,g n - i, 
ti ,..., t n and ei,..., e n _i of Y ( ] n under the isomorphism 4' n of Theorem 13.11 In the matrices below, the 
dots stand for coefficients equal to 0. 

First, we note that, for any /x £ Comp d (n), the matrix 4' /J (t;) (i £ {1,...,n}) is diagonal, more precisely, 
we have: 


H / A i(t;) — 4' M (E A1 ti) — \E' /J ( E x ^ti) — HI M ( y: Xk^i)E x Y) — Y, Xk(^i)^-k,k ■ 

1 l<fc<m^ l<fc<m^ 

We will denote by Diag( 2 q,..., xn) a diagonal matrix with coefficients x \,..., xn on the diagonal. We also 
recall that, for i = 1,..., n — 1, we have gi = vxj l and 

^ir(gi) = ^ii{Efj,gi) = ^fj{ E x ^gi) = > 


li 


where, for each k € {1,..., ?n M }, the integer jk € {1,..., m^} is uniquely determined by Sj(Xj fe ) = Xk- 

• Let fx = (4,0) or fj, = (0,4). Then ?n M = 1 and = H. 4 . There is only one character in the orbit O(n), 
which is Xi = (€a,€a, €a, £a), where a = 1 if 9 = (4,0) and a = 2 if 9 = (0,4). In this situation, we have 

gi^(Ti), tj 1 t (Ca) ? e 4 H> (1), for i = 1,2,3 and j = 1,2,3,4, 

where a = 1 if 9 = (4,0) and a = 2 if 9 = (0,4). 

• Let 9 = (3,1). Then m M = 4 and LP = and we identify it below with "H 3 . We order the characters 

in the orbit O(ji) as follows: 

Xi = (£i>£i>£i,&) > X 2 = (£i>£i>£2,£i) > X 3 = (£i>&2>£i>£i) and = (£2 ,£i>£i>£i) • 

Thus we have 7Ti >#1 = 1, 7r 2 ,h = S 3 , 7t 3iA1 = S 2 S 3 and 7T4 iAt = sis 2 s 3 . The map is given by: 



( T, • • • \ 


/ T 2 

. . . ^ 


( ■ u ■ ■ \ 


• Ti • • 



u 


u 

Si 

u 

, 92 H> 


u 

, 93 

• • T 2 • 


V • ■ u ■ j 


v • 

■ ■ T J 


\ ■ ■ ■ T 2 J 


ti ^ Diag(£i,£i,£i,£ 2 ), t 2 i-t Diag(£i,£i,£ 2 ,£i), t 3 Diag(£i, £ 2 ,6,6), t 4 i-> Diag(£ 2 ,£i,£i,£i); 
d H> Diag(l, 1,0,0), e 2 >-> Diag(l, 0,0,1), e 3 Diag(0,0,1,1) . 

• Let 9 = (1,3). Then m M = 4 and LP = 'Hi®'H3 and we identify it below with 'H3. We order the characters 
in the orbit O(ji) as follows: 

Xi = (Ci)6)616)! X2 = (6,£i>&,&) > X3 = (£2)62, £1,62) and X4 = (£2,£2,£2, £1) • 

Thus we have 7 Ti iM = 1, 7 T 2 jA1 = si, 7 t 3)M = s 2 si and 7T4 iAt = s 3 s 2 Si . The map is given by: 



( ■ u ■ \ 


/ Ti ■ ■ \ 


( T 2 ■ ■ • \ 


U-- 


u 


. T 2 ■ ■ 

9i ^ 

T\ 

) 02 ^ 

u 

1 S3 l- t 

U 


{ Tl J 


\ ■ ■ ■ T 2 ) 


\ • ■ u ■ j 


h ^ Diag(£i, £2,6,62), h Diag(£ 2 ,6,6,6), *3 ^ Diag(£ 2 ,6,6,6), t 4 ^ Diag(£ 2 ,£2,£ 2 ,£i); 

d H> Diag(0,0,1,1), e 2 H> Diag(l, 0,0,1), e 3 i-» Diag(l, 1,0,0) . 

• Let 9 = (2, 2). Then ?n M = 6 and = H 2 ® ^ 2 - We order the characters in the orbit 0 ( 9 ) as follows: 

xi* = (&,&,&,&), x^ = (a,6,a,6), x£ = (&,&,&,&), 
x 4 = (6,6,6,6) > X5 = (6,6,6,6) > X6 = (6,6>6>6) • 


Thus we have 7ri iM = 1 , n 2 ^ = s 2 , 7t 3jA1 = sis 2 , 7r 4)#1 = s 3 s 2 , 7r 5jM = sis 3 s 2 and 7t 6)M = s 2 sis 3 s 2 • The map 
4^ is given by (where T[ := Ti <g> 1 and T" := 1 ® Ti): 



t T[ ■ 

u 

. ... \ 

u 


( ■ U ■ 

u ■ ■ 

■ ■ T[ ■ 

■ ■ \ 


/ T" • • 

. . . \ 

9i ^ 

\ ■ ■ 

u 

u 

■ ■ . T[' ) 

, 92 H> 

■ ■ ■ T" 

\. . . . 

u 

u • / 

, S3 '-t 

l ' ' ' 

■ ■ T[ ) 


ti ^ Diag(6,6,6,6,6,6) > 6 H> Diag(6,6>6>6,6,6), 
t 3 1-4- Diag(6,6>6>6>6,6) > U H> Diag(6,6>6>6,6,6)! 

ei H> Diag(l, 0,0,0,0,1), e 2 Diag(0,0,1,1,0,0), e 3 H> Diag(l, 0,0,0,0,1) . 
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3.4 Natural inclusions of subalgebras 

We recall that, for any n > 1, the algebra n is naturally embedded into Yd,n+i> as the subalgebra generated 
by t±,... ,t n , g±,..., g n -\. If x £ Yd,n; we will abuse notation and write also x for the corresponding element 
of Yrf, n! > 1. Very often the context will make clear where x lives, and otherwise we will specify it 
explicitly. 

Let n > 1 and /i = (pi,... , p<i) £ Comp d (n). For any p' > p for the natural order on compositions 
(namely, g! a > p a for a = 1 we have a natural embedding of EE into . Explicitly, using the 

isomorphisms 

~ <8> ■ ■ • <8> E^ and E E ~ E^ <8> ... <8> 7^ , 

the embedding is given by 

E^ (8)... (8) 9 xi <8> • • • <8> Xd ah <8> • • • <8> £d £ 77^ <8)... <8) 77^. 

When p' = pl“l for a G {l,...,d}, see Q, the natural embedding 77 M C 77 mI 1 is expressed on the basis 
{L u ,, w G 6 M } of 77 M by 

e^t w ^ t (m 

iH-+ 1,ti) w (/xiH-f/x a +l,...,n—l,n) — 1 G 77^ , (25) 

where (pi + • • • + p a + 1,. ■ •, n — 1, n) is the cyclic permutation on pi + • • • + p a + 1,..., n — 1, n. 

Inclusion of basis elements. Let E x Yg w be an element of the basis of Y r ] n , where p G Comp d (n), k G 
{1,... ,m M } and w G 6„. 

For a G {1,..., d}, denote by k a the integer in {1,..., } such that x k £ Irr(.4 n +i) is the character 

given by 

Xka (*i) = Xk fa ), if i = 1,. ■ •, n, and X C ' (Wi) = (a ■ 

The characters {x k , a = l,...,d} are all the irreducible characters of -A„+i containing \k their 
restriction to A ni and therefore we have E x » = Y^i< a <d E ^ i n -4 ™+1 • Thus, in Y ri n+ i , we have: 

k ~ ~ X k a 

E x^9w= Y, E x ^9w ■ (26) 

l<a<d ' ka 

A formula for n ka [„i. Let a G {1,..., d}. We recall that 7rfc jA1 is dehned as the element of 6 n of minimal 
length such that TTk,^(Xi) = an d similarly, n ka ^[a] is the element of 6 n +i of minimal length such that 

7 T ka4J [ a ){\i ') = Xk a ] ■ Writing symbolically a character \ £ *An +1 as the collection (x(ti ),... ,x(tn+ 1 )), we 
have 

Xi 1 = ( 6, ■ - ,gi , ■ • ■,■ ■ ■ > &••■»& ) and X C 1 = Odb £“) > 

Ml Ma + 1 A U 

so that the last occurrence of £ a in Xi is i R position pi + ■ ■ ■ + p a + 1. Also, Xi is obtained from Xi by 
removing this last £ a . It is thus straightforward to see that 


7T fcoi/i [a] = TTfc.Ai • (ah d-j-p a + l,...,n,n+l) 1 . (27) 

In the remaining of the paper, to simplify notations, we will often write 7 Tk = T^k, k if there is no ambiguity 
on the choice of p and also 7 Tk a := Tt ka ,uM > f° r an Y & G {1,..., m^} and a G {1,..., d}. 
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Inclusion of matrix algebras. The successive compositions of the isomorphism <!>,,. the natural embedding 
of Yd yn in Yd , n +1 and the isomorphism 'F n _ ( _i = gives the embedding t of the following diagram: 

Yd , n +1 -~t (J) Mat 

/xGComp d (n+l) 

U j t 

Y d , n 0 Mat 

/*eComp d (n) 


In the formula below, an element x £ TL M is also seen as an element of 1 , for any a £ {1,..., d}, via 
the natural embeddings recalled above. We keep the same notation x. 

Proposition 3.7. The embedding l is given by i = © Mg Comp^(ra) l v> where the injective morphisms are 
given by: 

Lf, : Mat m^W 1 ) 
x M ij 

for any fi £ Comp d (n), any x £ TL^ and any i,j £ 

Proof. Let E x ^g w be an element of the basis of Y, 

Let j £ {1,..., m^} be uniquely determined by w( 

®n l ( E x{9v, 

On the other hand, we have, using ECU) . 

3w) = 


since, for any a £ {1 ,..., d}, the integer j a £ {1 ,..., m^a ]} is indeed such that w(xj a ) = Xi a ( as w G 6„). 
So we only have to check that T -i is the image in TL^ 1 of T -1 £ TL M under the natural embedding. 

ia '‘ J a _ * 77 j 

This is an immediate consequence of E5l) and (I27fl . □ 

4 Applications to representation theory 

This section presents the first applications of the isomorphism theorem described in the preceding section. 
First we study the consequences on the representation theory of Y d , n and then we concentrate on the sym¬ 
metric structure of this algebra. 

4.1 Simple modules 

The case of an isomorphism between an algebra and a matrix algebra is a classical example of Morita 
equivalence which will be discussed in the next subsection. In fact, in this case, the equivalence is explicit. 
In particular, due to the isomorphism, any simple L^.n-modules is of the form 


'- —IT a v / 


0 Mat 

1 <a<d 

J2 XM ia,ja 

1 <a<d 

{1 

i <n , where p, £ Comp d (n), i £ {1,... ,171^} and w £ 6 r 
Xi) =Xj- We have 

* = ^7r:W Mj,j . 


'y ] ^ n+i(E M [a] g w ) 

<a<d Xia 

^ r ^ir~ 1 w-R ja Mi OI jo ) 


l<a<d 


(Mr <8)... ® M d ) m » , 
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where /i = (pi,..., [i d ) is a d-composition of n and M a is a simple module of , for each a = 1,..., d (see 
for example m §i 7 .B]). 

As the representation theory of the Iwahori-Hecke algebra is quite well understood (at least in character¬ 
istic 0, see for example 0 ch. 8,9,10] for the semisimple case and [5] for the modular case), we can deduce 
from Theorem 13.II the following results: 

• Let 9 : A —> k be a specialization to a field k such that 9(u 2 ) = 1 and 9(v) = q — q~ l for an element 
in q £ k x . Let kgYd, n be the specialized algebra then kgYd, n is split semisimple if and only if for all 
/1 £ Comp d (n), the algebra kgTL M is split semisimple. By [0 Ex. 3.1.19], this happens if and only if : 

ll (l + q 2 + ...+q 2m - 2 )^0 

l<m<n 

we thus recover the semisimplicity criterion found in [3] § 6 ]. 

• The simple /c 0 Y(z jn (g)-modules are naturally labelled by the set of d-partitions of rank n when the 
algebra is split semisimple. Moreover, in the non semisimple case, if we set 

e := min{i > 0 | 1 + q 2 + ... + q 2l ~ 2 = 0 } 

then the simple modules are labelled by the d-tuples of partitions such that each partition is e-regular. 

• The irreducible characters are completely determined by the irreducible characters of the Iwahori- Hecke 
algebra of type A. For M £ Irr(kgR^) with character \m, the character of the simple fc 6 >Yd in -module 
(M) m '‘ is given by : 

X(h) = Xm o TrMat m/J ° 'IVW , for h £ k e Y d , n , 

where TrMat mji is the usual trace function on the matrix algebra. In particular, the decomposition 
matrices of the Yokonuma-Hecke algebra are entirely determined by the decomposition matrices of the 
Iwahori-Hecke algebra of type A. 

4.2 A Morita equivalence 

From Theorem IQ we can thus deduce (see for example m Ch. 17]) a Morita equivalence between the 
Yokonuma-Hecke algebra and a direct sum of Iwahori-Hecke algebras of type A over any ring. 

Proposition 4.1. Let R be a commutative ring and 9 : C[u ±:L ,u] —» R be a specialization. Then the algebra 
ReY d , n is Morita equivalent to © AieC om Pd (n) ReR^ ■ 

In addition, consider the Hecke algebra of the complex reflection group G(d , l,n) (also known as Ariki- 
Koike algebra). Let R be a commutative ring with unit and let Q := (Qo, • •., Q d - 1 ) £ R d and x £ R x . The 
Hecke algebra of G(d, 1 ,n) is the I?-algebra H^ ,x with generators 

To,Ti,... ,T n _ i, 

and relations : 

TiT i+1 Ti = T i+ iT i T i+ 1 (* = 1,..., n - 2), 

TiTj = TjTi (|j -i\> 1 ), 

C Ti - x)(Ti + x -1 ) = 0 (i = 1,... ,n - 1). 

(T 0 - Qo)(T 0 - Qi )... (T 0 - Q d - 1 ) = 0 

Remark 4.2. Note that if d = 1 and R = C[x, a;” 1 ] then TL^’ X is nothing but the Iwahori-Hecke algebra of 
type A n -1 with parameter x of Remark 1 2. II A 
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Now assume in addition that for all a ^ b and — n < i < n the element x 2l Q a — Qb is an invertible element 
of R. By [4} [5], over R, TL^ ,X is Morita equivalent to ® (igCom p d (n)^ s ^- We thus deduce the following 
result. 

Corollary 4.3. Under the above hypothesis, assume that 9 : A —»• R is a specialization such that 9(u 2 ) = 1 
and 9(v) = x — x~ x then RgYd, n is Morita equivalent to TL^’ X ■ 

4.3 Symmetrizing form and Schur elements 

We now study the symmetric structure of the Yokonuma-Hecke algebra. The algebra Y^ n is symmetric 
and thus it has a symmetrizing form which controls part of its representation theory. We will in particular 
recover results obtained in [3] concerning the symmetric structure of Yd,n- In fact, the isomorphism theorem 
will also give an explanation and a new interpretation of these results. 

Preliminaries on symmetric algebras. We recall that a symmetric algebra H over a commutative ring R 
is an i?-algebra equipped with a trace function 


r : H R 

such that the bilinear form 

H x H -S> R 
(hi,h 2 ) r(h i/i 2 ) 

is non-degenerate. We refer to |7, Ch. 7] for a study of the properties of the symmetric algebras. In 
particular, if if is a field containing R and such that KH is split semisimple, then for all V £ Itt(KH), there 
exists sy in the integral closure of R in K such that 

T = ( 1 /w)xv, 

xeirr (H) 

where r is extended to KH and \v is the character associated to V. The elements sy are called the Schur 
elements associated to t and they are known to control part of the representation theory of H. We will use 
the following general result. 

Lemma 4.4. (i) Let N £ Z>o. The algebra Mat n(H) is a symmetric algebra with symmetrizing form 

r mat ._ T o Ti’Matjv > where TrMatjv the usual trace function on Mat at (if). 

(ii) Let M be a simple KH-module and sm Us Schur element associated to t. Then the Schur element 
S “ at of the simple Mat n(I tH)-module M N associated to r mat is equal to sm- 

Proof, (i) The form r mat is clearly a trace function. All we have to do is to check that this is non-degenerate. 
Let b\ £ Matjv(-ff) and assume that for all b 2 £ Mat n(H), we have .I 12 ) = 0. Let h £ H and consider 

the element 63 := /i.IdAr £ MatAr(iJ) where Mat is the identity matrix in Matjv(-fO- Then we have 

r mat (b 1.6263) = T oTr Ma .t N (hb 1 .b 2 ) 

= r(h. TrMatjv (bi-b 2 )) 

As this element is zero for all h £ H and as t is a symmetrizing trace, we have TrMatAr (t>i-b 2 ) = 0 for all 
b 2 £ Mat a '(H). This implies that b 1 = 0. 

(ii) Let Em be a primitive idempotent of KH associated to the simple module M. Then, by definition, 
we have t(Em) = 1 /%. Now let E ]{} at £ MatN(KH) be the matrix with Em in position (1,1) and 0 
everywhere else. Then E^ at is a primitive idempotent of Mat]y(KH) associated to the simple module M N . 
Thus, we calculate 

1 /sm ‘ = r mat (EZ at ) = t o Tr MatN (EZ at ) = t(E m ) = 1 /s M , 

which is the desired result. □ 


16 


Symmetric structure of Y d . n . The Iwahori-Hecke algebra of type A is a symmetric algebra with sym¬ 
metrizing form T n : TL n —> C[M ±:1 yt;] given on the basis elements by 


T n (T w ) 


1 if w = 1, 

0 otherwise. 


This, in turn, implies the existence of a symmetrizing form for all p, = (pi,... , p d ) £ Comp d (n) on by 
restriction: —> C[m ±1 , , u]. Seeing as usual HA as g) ... ® TL^ d , this linear form satisfies, for all 

{wi,...,w d ) € <S Ml x ... x , 

® ® Tw d ) = (T Wl )... T )ld ( T Wd ) . (28) 

For any n > 1 and A a partition of n, let M\ be the simple module of the split semisimple algebra C(it, v)TL n . 

We denote by s\ := sm x the Schur element of M\ associated to r. We also set sg := 1. 

Now let A = (A 1 ,..., X d ) be a d-tuple of partitions such that p = (|A 1 1,..., |A d |). Then M Xl g)... ® M\ d 

is a simple C(u, r;)'H A1 -module and, from (1281) . its Schur element associated to r M , denoted by s\, is given by: 

s\ = s A i ... s X d ■ (29) 

Finally, from Lemma [4.4f il. we obtain a symmetrizing form on the algebra ® p gCompj(n) 
given by © |Ue comp d (n) rM ° T r Mat m( , • Moreover, from Lemma fOT h - ). the associated Schur element of the 
simple module indexed by a d-partition A = (A 1 ,..., X d ) of n is given by Formula (1291) . 

Let us come back to the Yokonuma-Hecke algebra Y dyn - By the discussion in Subsection 14.11 we know that 
the simple C(u, u)y^ n -modules are labelled by the set of d-partitions of n. From the preceding discussion 
together with the isomorphism theorem ('Theorem 13.11) . we obtain naturally a symmetrizing form on Y d n 
given explicitly by 

Pn ■■= 0 Tr Mat m(1 , 

/fGComp d (n) 

and moreover, the associated Schur elements are given by Formula (EH1) . We note that the symmetrizing 
form p n is also considered in [191 §34]. 


Alternative formula for p n . In [3], it is proved that the following formula defines a symmetrizing form 

Pn ■ Y d,n C^ 1 ,^] Oil Y di n- 


~ /pi ,a n — \ _ / d n if ai = ... = a n = 1 and w = 1, 

Pn\ 1 n 9w) ^ q otherwise. 

It turns out that the form p n actually coincides with the natural symmetrizing form p n . 
Proposition 4.5. The form p n coincides with the symmetrizing form p n on Y dyn . 

Proof. We study the values taken by the two traces on the basis given by 

{E x g w | x € Irr(Ai), w £ &„}. 

So let us fix p £ Comp d (?r), k £ {1,..., } and w £ & n . We have, using Formula (fl3l) for E x », 

Pn{E x »9w) = Pn(( II \ H Xfc(*i) s © s ) 

V l<i<n 0<s<d—l 

= Pn(( II fj) 9w) 

l<i<n 

| 1 if w = 1, 

( 0 otherwise. 
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On the other hand we have 


Pn{.E x £g w ) 


o Tr Ma t m)l O ty^(E x £g w ) 
oTv M ,t m ^T^ w ^U Kj ) 


where j £ {1,..., m satisfies w(Xj) = Xk- We have j = k if and only if n k 1 wwk^ ■ We obtain : 


Pn(E x £g w ) 


1 if 7r k^ W7Tk ^ = 1 w = l ' 

0 otherwise. 


and this concludes the proof. □ 

Remark 4.6. The Schur elements associated to p n were obtained in [3] by a direct calculation. From 
Proposition 031 and the discussion before it, we recover the result, namely that the Schur elements associated 
to p n are given by Formula (1291) . Furthermore, we note that Proposition 14.51 implies immediately the 
centrality and the non-degeneracy of p n (which was also proved by direct calculations in [3]). 

5 Classification of Markov traces on Yokonuma-Hecke algebras 

In this section, we use the isomorphism theorem to obtain a complete classification of Markov traces on 
Yd,n- We use a definition of Markov traces analogous to the one in ]7J section 4.5] for the Iwahori-Hecke 
algebras of type A. From now on, we extend the ground ring to Cfu^ 1 ,^ 1 ] and keep the same notations 
(H n , Yd , n ,...) for the extended algebras. 

5.1 Markov traces on Iwahori-Hecke algebras of type A 

A Markov trace on the family of algebras {H n } n >l is a family of linear functions T n : H n —>■ C[u ±1 ,n ±1 ] 
(n > 1) satisfying: 

(Ml) T n {xy) = T n {yx) , for n> 1 and x,y £ 'H n \ (Trace condition) _ 

(M2) T n +i(xT n ) = Tn+iixT- 1 ) = t„( x) , for n > 1 and x £ TL n . (Markov condition) 

It is a normalized Markov trace if it satisfies in addition 

(MO) 7”i (1) = 1 . (Normalization condition) (31) 

In (M2) and in the following as well, we keep the same notation x for an element of T~L n and the corresponding 

element of Hn+n ', n' > 1, using the natural embedding of TLn in TL n +n’- 

It is a classical result that a normalized Markov trace on {TL n }n >l exists and is unique [7] section 
4.5]. From now on, {r n } n >i will be this unique normalized Markov trace. For later use, we also set 
t 0 : Ho := C]?^ 1 ,*^ 1 ] —> C]^ 1 ,!^ 1 ] to be the identity map on C]^ 1 ,^ 1 ]. 

As T n — u 2 T~ x = v for any n > 1, we have, using the Markov condition, that 

r n+ \{x) = u _1 (l — u 2 )r n {x) for any n > 1 and any x £ TL n , (32) 

and by induction on n, using that ri(l) = 1, we obtain 

7"n(l) = (t' _1 (l — w 2 ))” 1 for any n > 1. (33) 

We will need later the following properties of the Markov trace {r n }„>i. For the second item, we recall 
that H M ~ Hf_ H (8> • • • ® Hfj, d and these two algebras are identified. Recall also that this algebra is naturally 
embedded in H n for any p = (pi ,..., pd) £ Comp d (n). See (]5]) for the definition of [p\. 
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Lemma 5.1. (i) For any n > 1, we have: 

r n+ i(xT k y) = r n+ i(xT k 1 y) = r n (xy ), for any k £ { 1,..., n} and x,y £U k - (34) 

(ii) For any n > 1 and any p £ Comp d (n), we have: 

r n (xi ® • • • ® x d ) = (f _1 (l - m 2 )) IMI 1 t /1i (xi) .. -r^Xd ), for any xi®---®x d G'H^. (35) 

Proof, (i) Let n > 1, k £ {l,...,n} and x,y £ l~i k . We proceed by induction on n — k. For k = n, 
Equation (1551) follows directly from Conditions (Ml) and (M2). Assume k < n. Then T k+ 1 exists in H n +i 
and commutes with x and y. By centrality of r n+ i, we have 

T n +i{xT k y) = T n +\(xT k+1 T k T k+1 y) . 

Using the braid relation T fc+1 T^ =1 T i T|l 1 = T k 1 T k + 1 T k and the induction hypothesis, we conclude that 

t n+iixT^y) = r„+i (xT k 1 T±+ 1 T k y) = r n (a:T fe _1 T fc y) = r n (xy) . 

(ii) Let n > 1, p £ Comp d (n) and x = x\ (g) • • • (8) x d £ W 1 . First assume that x = 1. We have, using (1551) 
and the convention To(l) = 1, 

UnW-'-W 1 ) = n (v _1 (l-« 2 ))' io_1 = (tr 1 (l-u 2 )) n_IMI , 

/L a > 1 

which yields, together with (1551) . Formula (1351) for x = 1. 

Let now x A 1. We proceed by induction on n (the case n = 1 being covered by the case x = 1). Using 
that i / 1, we take a £ {1 ,... ,d} to be such that £ a +i = ■ • • = x d = 1 and x a = h\T k h 2 £ Hfj, a with 
k £ {1 ,..., p a — 1} and h\,h 2 £ T~L k (in particular, p a > 2). We set v = /i[ a ] £ Comp d (n — 1) (that is, 
v a = ha ~ 1 an d = p k \i h ^ a). We calculate, using item (i), 

7V,(x) = r n (x i <g> • • • (8) £ a _i (8) hiT k h 2 ® 1 • • • <g> 1) = T n -\{x\ <g) • • • <g> x 0 _i ® /ii/i 2 <g) 1 - - - <8) 1) ; 

using induction hypothesis, we then obtain 

T n {x) = (u _1 (l - u 2 )) IMI V vi (a:i). ■ .T Va _Axa-i)T Va (hih 2 )T Va+ A l ) ■ ■ ■ 7"^(1) 5 

hnally, we have [i/] = [//], since /x 0 > 2, and moreover, using item (i), T„ a (hi/ 12 ) = T fla -\(h\h 2 ) = t Mq (/iiTfc/ 12 ). 
So we conclude that Formula (1551) is satisfied. □ 

5.2 Markov traces on Yokonuma-Hecke algebras 

A Markov trace on the family of algebras {ld,n}n>i is a family of linear functions p n : Y dn —> C[u ±:1 , u ±:L ] 
(n > 1) satisfying: 

(Ml) p n {xy) = p n (yx) , for any n > 1 and x,y £ Y d y, (Trace condition) 

(M2) p n +i{xg n ) = Pn+iAg^ 1 ) = p n (x) , for any n > 1 and x £ Y dn . (Markov condition) 

Remark 5.2. For the Markov traces on the Iwahori-Hecke algebras, there is no loss of generality in con¬ 
sidering the normalized Markov trace. Indeed, it is straightforward to see that if {T n } n >i is a Markov trace 
on {'H n } n > 1 such that ti( 1) = 0, then all the linear functions r n are identically 0. So we can assume that 
t 1 (1) A 0 and normalize it so that Ti(l) = 1. 

This remark is no longer valid for the Yokonuma-Hecke algebras, for which a Markov trace {p n }n> 1 may 
satisfy pi(l) = 0 without being trivial (see the classification below). Therefore, we will work in the general 
setting of non-normalized Markov traces. A 
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Let n > 1 and let k be any linear function from Yd t „ to C[it ±:L , u^ 1 ] satisfying the trace condition 
n(xy) = K(yx), Vx,y £ Y<i, n - Recall the isomorphisms d> M and = d)” 1 between Matand E^Yd, n 
given by m-m- For each /i £ Comp d (ro), the composed map no d*^ is a linear map from Mat m (7^) to 
C[u ±1 ,u =tl ] also satisfying the trace condition. As the usual trace of a matrix is the only trace function on 
a matrix algebra (up to normalization), the map k o d> ;i is of the form: 

Tr M at m/I , 

for some trace function —> C[zi ±:L , v =t1 ]. In other words, we have 

k{x ) = ^2 K '‘° Tr Mat mAl oA> ^(E^x) , for x £ Y d , n , 

A»£Comp d (n) 

(where we wrote x = X^ g Comp d O) and we refer to the maps as the trace functions associated to k. 

Classification of Markov traces on {Y d>n }„>i. We are now ready to give the classification of Markov traces 
on the Yokonuma-Hecke algebras {Yd,n}n>l which is the main result of this section. We refer to Section [2j 
© and (p|). for the definition of the base [y] of a composition y and of the set Comp®. 

Theorem 5.3. A family {p n }n>i of linear functions, p n : Yd, n —> is a Markov trace on the 

family of algebras {Y'd,n}n>i if and only if there is a set of parameters {a^o , y° £ Comp®} C Cftr* 11 , u^ 1 ] 
such that 

Pn(x) = ^2 ° Tl 'Mat m(J o-fy^Epx) , forn> 1 and x £ Y d , n> (37) 

(i£Comp d (n) 

where the associated trace functions p M : TL^ —> C[u ±:L , u ±:L ] are given by 

= a M ‘ t mi ® ® T v-d ’ for any y £ Comp d (n). (38) 

The remaining of this section is devoted to the proof of the Theorem. 

Preliminary lemmas. Let {pn}n >l be a family of linear functions p n : Yd n —> C[tt ±:L , u^ 1 ] satisfying the 
trace condition (Ml). 

Lemma 5.4. The family {p n } n >i satisfies the Markov condition (M2) if and only if the associated traces 
p M satisfy, for any y £ (J n >i Comp d (n) and any a £ {1,..., d} such that y a > 1 , 

p (xi ® ® x 0 T Ma <%>■■■ ®x d ) = p^ (xi ® • • • ® x a T~^ ® • • • <g) x d ) 

= p /i (xi ® ■ ■ • ® x a ® ■ ■ • ® Xd), 


for any X\ ® • • • ® x d £ . 

Proof. Let n > 1 and x £ Y d , n . In the proof, we will often use the notations and the results explained in 
subsection 13.41 First, note that it is enough to take x = E x ^g w , an element of the basis of Y d} m where 
y £ Comp d (n), i £ {1,..., m M } and w £ 6 n . For later use, we denote by b the integer in (1,..., d} such 
that Xi(tn)= kb- 

We recall that d' /i (x) = T - 1 M ij, where j £ {1,..., to^} is uniquely determined by w(x (f) = Xi- 

Thus, we have: 

Pn{x) = p^ o Tr Ma t m ^ °d' M (x) 

j 0 if w(Xi)^Xi\ (40) 
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Now, in Y d>n+ 1 , we have (due to defining formulas © for g w and g w ) 

xg n = u ^2 E x ^9ws n , 


l<a<d 


and we note that, for 1 < a < d, we have ws n (Xi a ) = xf a if an d on iy if s n{Xi a ) = xf a anc i w (Xi a ) = 

Xi (because w £ & n )■ It means that ws n (Xi ) = Xi if an d on ly if a = b and w(xt ) = Xi ■ Thus we 
obtain: 

p n+ i(xg n ) = m V o Tr Ma t m . . o'k l a ] (xg n ) 

‘ ui a \ 

1 <a<d 

( o 


if w{Xi) ¥= Xi ; 


1 up» m (T n -1 ) if w(Xi) = Xi ■ 

V t b Z b 

We write n lb = -K~ lw 7 r i b ' n 7 b lsn 7 T i b • R- eca ll tha,t Tr ib = ni ■ (pi 4- (-pb + 1,...,n, n + 1) _1 , see (l27l) : 

moreover, 

TTi(n + 1) = n + 1, and 7Tj(/zi H- +/i&)=n, 

since 7r.; £ ©„ and 7r^ is the element of minimal length sending Xi on Xi ■ Therefore we have 

= {pi + • • • + Pbi Pi + ’ ‘ ' + pb + 1) an( f 7 r i b lw7r i b (^1 + ' ' ‘ + Pb + 1) = Pi + ' ' ' + Pb + 1 ) 
We conclude that T r i = T - 1 f in+ ... + ^ b = u~ 1 T -1 T fil+ ... +flb , and in turn 

*' z b z b 


z b z b 

0 


Pn+l(xf)n) — 


if w(Xi) 7 A Xi ; 


(41) 


(XrW t /x 1 +-+mJ if u; (xf) = xf ■ 

' *b z b 

Now we will calculate pn+i^xg- 1 ) using g~ x = u~ 2 (g n — ve n ). First we note that e n x = E S-n E 9wt 

1 <a<d 

which gives e n x = E ^[t] 5 ^ , since e n E x = 0 whenever %(t„) 7 ^ x(f ra+ i). In addition we have w(Xi b ) = xf 
Xi b 

if and only if w(Xi ) = X* 1 - Therefore, we obtain, using first the centrality of p n+ 1 , 

Pn+l(^^n) = Pn+l^n^) 


'-*6 


= pV [b] oTr M at m ... „[*> l9w ) 

m [!>i Xi, 


0 


if w(Xi) ± xf; 


1 E" {T w -i wn ) if w(xf) = xf ■ 

v z b z b 

As we have T~^ _ f = m _ 2 (T Mi+ ... +M6 — v) in we conclude that 

jo ifw(xH^xf; 

p n+1 (x ff „ ) = | { f <wni T~X.. + J if w{xt) = Xf ■ 

To sum up, in (HU1) (1421) . we obtained first that 

Pn [x] = Pn+i{xg n ) = Pn+lixg- 1 ) = 0 , if w(Xi) ¥= Xi ■ 

Furthermore, if w(x7) = Xi > then we write T n -i wn = x\ ® ® Xd £ W 1 , and we note that, due to (E5l) and 

(12711 . T n -i W7r is the image in 'H^ [b] of T v -i wn under the natural inclusion C . So, if w(Xi ) = Xi ■> 
Formulas (PTO1) C21) read 


(42) 


p n {x) = p^[xi ® ■ ■ ■ <8> Xb ® ® Xd) and pn+iixg^ 1 ) = p^ (xi 


i x b T, 


Mb 


■®Xd) ■ 
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We conclude the proof of the Lemma by noticing that, when i runs through {1,..., to^}, every b such that 
/ib > 1 is obtained, and moreover every element of TL M can be written as T -1 for some w £ G n satisfying 

™(Xi) = Xi- □ 

Lemma 5.5. The family {p n } n >l satisfies the Markov condition (M2) if and only if the associated traces 
p M satisfy, for any p £ U n >i Comp d (n) and any a € {1,..., d} such that p a > 1 , 

p^ [a] (x\ g> ■ ■ ■ g> x a T k ® • • • <g> x d ) = p^ a \xi®---®x a T(: l ®---®Xd) 

= p^{x i ®---®X a ®---®Xd) , 

for any k € {1,..., p a } and any Xi ® • • • ® x d £ TL M such that x a £ TLk C TL^ a . 

Proof. The "if" is a direct consequence of Lemma 15.41 using the assumption with k = p a - 

To prove the "only if", we assume that the family {p„} n >i satisfies the Markov condition (M2), and we 
proceed by induction on p a — k (it is very similar to the proof of Lemma l5.1f il. so we only sketch it). The 
case p a — k = 0 is Lemma 15.41 So let k < p a . Then T^+i exists in TL^+i and commutes with x a . By 
centrality of /X 1 , we have 

1 {x\ g> • • • ® XaTjf 1 ® ® x d ) = p^ \x i (8) ■ ■ ■ (8) a; a T fc+ iT^ l=1 T^ + 1 1 ®---®x d ) ■ 

Using Tfc + iT^ =1 T i r^ 1 = T^T^^Tk and the induction hypothesis, we obtain Formula (El) . □ 

Proof of Theorem 15.31 We are now ready to prove Theorem 15.31 Let {p n } n >i be a Markov trace on 
{Yd, n }n>i- As explained before Theorem 15.31 the existence of associated traces such that Formula (l37l) 
holds, follows from the trace condition for p n . We set := p M ( 1) for any p £ Comp°. 

Let n > 1, p £ Comp d (n) and x = x\® ■ ■ ■ ® Xd £ TL We will prove that 

p^{x) = a [lA ■ (aq)... r^xd) • (44) 

First assume that p = [p] (which is always true if n = 1), so that every p a is 0 or 1. Then we have x = 1 
and Formula (El) follows from ti( 1) = To(l) = 1. 

Assume now that /j / [/i]. We proceed by induction on n. First let x ^ 1, so that we have a £ {1,..., d} 
such that x a ^ 1 (in particular, p a > 2). We set x a = hiT^h^, where k £ {1,..., p a — 1} and h ll /i 2 £ TLk C 

TL^ a . We denote v := p^ £ Comp d (n — 1) (that is, v a = p a — 1 and r'b = Pb if b ^ a), so that we have 

p^(x) = p M (aq g> • • • <g) hiT k h 2 g> • • • <8> x d ) 

= p v {x\ ® • • • <8> h\h -2 <8> • • • g> Xd) 

= “HVt 1 1) ■ • • Va-i(^i h 2 ) ■ • .r w ( x d ) 

= a [/d r Au(* 1 ) • ■■T tia {hiTkh 2 ) ■ ■■r^ i (x d ) , 

where we first used (03D from Lemma 15.51 then the induction hypothesis and finally the property of t/j 0 
stated in item (i) of Lemma 15.II (we also noted that \v\ = [//] since p a > 2). 

Finally let x = 1. As p ^ [/t], we can choose a £ {1,..., d} such that p a > 2. We recall that, in TL^, we 
have 1 = u -1 (Xi — u 2 Tf l ). Setting again v := p^ £ Comp d (n — 1), we calculate (below u -1 (Xi — u 2 Tf l ) 
is inserted in the a-th factor of the tensor product): 

p^( 1) = pP( 1 ® ... 1 ® tT^Ti - u 2 ^ 1 ) ® 1 • ■ ■ ® 1) = u _1 (l — u 2 )p v { 1) , 

where we used (El) in Lemma 15.51 Using the induction hypothesis, together with the fact that \v] = [/i] 
(since /i a > 2), we obtain 

P*( 1) = a M t,_1 (l — u2 ) t ui (!)••• T Ma-i(l)... (1) = a M r Ml (l) ...r Ma (l) ...r Md (l) , 
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where we used that r Ma (1) = v 1 (1 — M 2 )r Ma _i (1) (Formula (1551) ) . This concludes the proof of Formula (1441) . 

For the converse part of the theorem, we only have to check that, given a set of parameters { a^ , p £ 
Comp^} C C[u ±:L , u^ 1 ], the family {p„} n >i of linear functions given by (1571) and (1551) is a Markov trace. The 
trace condition is obviously satisfied as well as Equation (1551) . The proof is concluded using Lemma 15.41 □ 

Remark 5.6. In view of Lemma 15.11 item (ii), the associated traces of a Markov trace {p n }n >l described 
by Theorem 15.31 can be formally expressed as 

GL \ 1 

P M = -- ,,..11 ■, • T n , for any p £ Comp d (?r), 

where t„ acts on W 1 by restriction from T~L n (note that Lemma |5. 11 item (ii), asserts in particular that the 
right hand side evaluated om£ indeed belongs to C[tt , tA 1 ]). A 

Basis of the space of Markov traces. The classification of Markov traces on {Yd, n } n >\ given by Theorem 
15.31 can be formulated by saying that the space of Markov traces is a C[u ±:L ,n ±1 ]-module (for pointwise 
addition and scalar multiplication), which is free and of rank the cardinal of the set Comp°. We have 

# Comp° = f ^ ~ 1 • 

1 <k<d ' ' 

Further, Theorem 15 . 31 provides a natural basis for this module. Indeed, for any p° £ Comp°, let {p^o „} n >i 
be the family of linear functions given by Formulas (1571) - (1551) . for the following choice of parameters: 

a^o := 1 and a v o := 0 , for i/° £ Comp° such that i/° ^ p° . 

Then, {p^o n } n >i is a Markov trace on {Ld,n}n>l and it is given by 

Pii°,n(x)= ( r Mi ® ® r M<i) ° Tr Mat m)1 oT /J (£ , /J x), for n > 1 and x £ Y d>n . (45) 

/ieComp d (ra) 

M=n° 


It follows from the classification that the following set is a C[it ±:L , u ±:L ]-basis of the space of Markov traces 
On {Vd, n }n>l : 

{ {P/xO,n}n>l I P° e Comp° } . (46) 

6 Invariants for links and 7L/d7L -framed links 

Now that we have obtained a complete description of the Markov traces for Y,i tn . we will use them to deduce 
invariants for both framed and classical knots and links. In addition, we compare these invariants with the 
one coming from the study of the Iwahori-Hecke algebra of type A : the HOMFLYPT polynomial. 

6.1 Classical braid group and HOMFLYPT polynomial 

Let n £ Z>i. The braid group B n (of type A n _ i) is generated by elements a,. . ., cr„_i, with defining 
relations: 

(7i(7j = (7j(7i for alH )t j = 1, ..., n — 1 such that |i — j\ > 1, 

a l a i+ ia l = a i+1 ai<7 i+ i for all i = 1,..., n - 2. 

With the presentation CD. the Iwahori-Hecke algebra Tin is a quotient of the group algebra over C[u , u ±:L ] 
of the braid group B n . We denote by <5 u,n the associated surjective morphism: 

S-H,n ■ C [u ±1 ,U ±1 ][R„] cr,; T , i = l,...,n-l. 
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The classical Alexander’s theorem asserts that any link can be obtained as the closure of some braid. Next, 
the classical Markov’s theorem gives necessary and sufficient conditions for two braids to have the same 
closure up to isotopy (see, e.g., 0). The condition is that the two braids are equivalent under the equivalence 
relation generated by the conjugation and the so-called Markov move, namely, generated by 

a/3 ~ /3a (a,/3 £ B n , n> 1) and acr„ ~ a (a £ B n , n > 1) . (48) 

Note that, in the Markov move, we consider a alternatively as an element of B n or of B n+ i by the natural 

embedding B n C B n+ \. 

The conditions (Ml) and (M2) in (1501) for the Markov trace {t„}„> i on the algebras T-L n reflect this 

equivalence relation and, as a consequence, we obtain an isotopy invariant for links as follows. Let K be a 

link and (3 k £ B n a braid on n strands having K as its closure. The map from the set of links to the 
ring C[it ±:l , tA 1 ] defined by 

r n(K) = T n o 8 -h,u{Pk) , 

only depends on the isotopy class of K (this is immediate, comparing (13U1) and (O), and thus provides an 
isotopy invariants for links. 

Remark 6.1. The Laurent polynomial T^(AT) in u,v is called the HOMFLYPT polynomial. It was first 
obtained by a slightly different approach, using the Ocneanu trace on T~L n and a rescaling procedure, see 
[8] and references therein. We followed the approach in [7J section 4.5], where the connections between 
both approaches are specified. We will carefully detail this connection in the more general context of the 
Yokonuma-Hecke algebras below. A 

6.2 Z/dZ- framed braid group and Z/dZ- framed links 

Roughly speaking, a Z/dZ-framed braid is a usual braid with an element of Z/dZ (the framing) attached 
to each strand. Similarly, a Z/dZ-framed link is a classical link where each connected component carries a 
framing in Z/dZ. The notion of isotopy for framed links is generalized straightforwardly from the classical 
setting. We refer to on mi for more details on framed braids and framed links. 

Let d £ Z>!. The Z/dZ-framed braid group, denoted by Z/dZ l B n , is (isomorphic to) the semi-direct 
product of the abelian group (Z/dZ) n by the braid group B n , where the action of B n on (Z/dZ)™ is by 
permutation. In other words, the group Z/dZ l B n is generated by elements < ti , <72, ■ ■ ■ , u n —i, t\, ... , t n , and 
relations: 


did j 

— djdi 

for all i,j = 1,. 

.., n — 1 such that |i — j\ > 1 

d% di-\-i(Ji 

= cr i+icr icr i+i 

for all i = 1,... 

,n- 2, 

t%tj 

— tj ti 

for all i,j = 1,. 

• • ,n, 

d%tj 

= 

for all i = 1,... 

,n—l and j = 1,..., n, 

t d 

= 1 

for all j = 1,.. 

.,71. 


The closure of a Z/dZ-framed braid is naturally a Z/dZ-framed link (the framing of a connected component 
is the sum of the framings of the strands forming this component after closure). Given a classical link, from 
the classical Alexander’s theorem, we have a classical braid closing to this link, and it is immediate that 
by adding a suitable framing on this braid, one can obtain any possible framing on the given link. So the 
analogue of Alexander’s theorem is also true for Z/dZ-framed braids and links. 

Moreover, the Markov’s theorem has also been generalized to the Z/dZ-framed setting (see [171 Lemma 
1] or m Theorem 6]). The necessary and sufficient conditions for two Z/dZ-framed braids to have the same 
closure up to isotopy is formally the same as for usual braids; namely, the two braids have to be equivalent 
under the equivalence relation generated by 

d/3 ~ /3d (d, P £ Z/dZ l B n , n > 1) and dcr^ 1 ~ d (d £ Z/dZ / B n , n > 1) . (50) 

The conditions (Ml) and (M2) in (15U1) for a Markov trace {p n } n >i on the Yokonuma-Hecke algebras reflect 
this equivalence relation, and this will allow to use the Markov traces obtained in the previous section to 
construct isotopy invariants for Z/dZ-framed links. 
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A family of morphisms from the group algebra of ZldZ\B n to Y,i n . Let 7 be another indeterminate and 
set We define: 

S Y,n '■ a i ^ (7 + (1 - 7)e*)si (i = 1 , ■ ■ ■ ,n- 1), tj^tj (j = 1, . . . ,ri) . (51) 

Lemma 6.2. The map 5y n extends to an algebras homomorphism from I?[Z/dZ l B ra ] to RY dtn . 

Proof. We have to check that the defining relations (1551) are satisfied by the images of the generators, and 
also that the images of the generators are invertible elements of RYd, n - For the latter statement, it is easily 
checked that 

((7 + (l-7)e»)s») = (7 _1 + (1 > i = 1,..., n — 1. (52) 

The three last relations in (1551) are satisfied since the elements ej’s and tj's commute. Then, if \i — j\ > 1, a 
direct calculation shows that the image of the first relation in (1551) is 

(7 + (1 - 7 )e ,)(7 + (1 - 7 )ej)gigj = (7 + (1 - 7 )^) (7 + (1 - 7 )e»)ffj5» , 

since giej = ejgi and gjei = eigj whenever |i — j | > 1. This relation is satisfied in RYd t n- 

Finally, using again the commutation relations between the generators gf s and tj, we calculate the image 
of the first relation in (Hill) , and obtain 


(7 + (1 - 7 K) (7 + (1 - 7 )ei,i+ 2 ) (7 + (1 - 7)e*+i) (9i9i+i9i ~ 9i+i9i9i+i) = 0 , 


where e i}i+2 


1 

d 


tih+ 2 - 

0<s<rf-l 


This relation is also satisfied in RYd, n - 


□ 


Remark 6.3. If we specialize the parameter 7 to 1, we obtain the natural surjective morphism from the 
group algebra over C[w ± 1 ,u ±1 ] of the group Z/dZ l B n to its quotient Yd. n with the presentation ® of 
Section [2] For other values of 7 , this morphism is related with other equivalent presentations of Yd, n ', see 
below Subsection 16.51 


6.3 Invariants for classical and TLjd7L -framed links from Y d . n 

Invariants for Z/dZ- framed links from Y r ] rl . Let {p n }n> 1 be a Markov trace on the Yokonuma-Hecke 
algebras {Yd, n } n >i (defined by Conditions (Ml) and (M2) in (1551) 1. and extend it ft’-linearly to {RYd t n} n > i- 
Let K be a Z/dZ-framed link and (3^ £ Z/dZl B n a Z/dZ-framed braid on n strands having I\ as its 
closure. We define a map FTy p from the set of Z/dZ-framed links to the ring R by 

FT y, p (K) = PnO $Y, n 0k) > ( 53 ) 

where the map 5y n is defined in m • For fi° £ Comp°, we denote by FFythe map corresponding to 
the Markov trace {p M o n } n >i considered in (H51) . The classification of Markov traces of the previous section, 
together with the construction detailed in this section, lead to the following result. 

Theorem 6.4. 1. For any Markov trace {p n }n> 1 on {Yd^ n } n >i, the map FTy p is an isotopy invariant 

for Z/dZ-framed links with values in R — C[u ± 1 ,r; ± 1 , 7 ±1 ]. 

2 . The set of invariants for Z/dZ-framed links obtained from the Yokonuma-Hecke algebras via this con¬ 
struction consists of all R-linear combinations of invariants from the set 

{ Fr r, M ° I d° € Comp® } . (54) 
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Proof. 1. By the Markov’s theorem for Z/dZ-framed links, we have to check that the map given by {p n o 
^Y,n\n> 1 from the set of Z/dZ-framed braids to the ring R coincide on equivalent braids, for the equivalence 
relation generated by the moves in (1501) . 

From the trace condition (Ml) in (1551) for {p n }„>i and the fact that the maps Sy n (n > 1) are algebra 
morphisms (Lemma 16.21) . it follows at once that the map p n ° 5y n (n > 1) coincides on d/3 and /3d for any 
two braids a, 8 £ "Lid'Ll B n . 

Next, let n > 1 and d £ Z/dZ l B n . We set ■= e Y<i,n- Note that, seeing x& as an element of 

Yd, n + i, we also have x& '■= Sy n+ i(<5)> by dehnition of {Sy n }n>i- From (1511) and (1521) . we have 

Pn +1 o^n+i^ 1 ) = dn+i(a;a(7 ±1 + (1 - 7 ±1 )en)d^ 1 ) , 

and we need to prove that it is equal to p n o Sy n (a) = Pn(%a)- This will follow from the Markov condition 
(M2) in (1551) for {p n } n >l together with the following fact: 

p n+1 (xe n g^ 1 ) = pn+iixg ^ 1 ), for any n > 1 and x £ Y d , n ■ (55) 


This last relation is true for any linear map ft on Y d>n+ 1 satisfying the trace condition since, for s £ {1,..., d}, 


/■c (a :t. 


n+1On ) = K ( xt n+19n Cfl) = ^n+l xt n+l9n ) = 


± 1 \ 


where we used successively the relation t n gh 1 = gh l t n + 1 , the trace condition and the fact that i n -|_i commutes 
with x £ Y d} n- 

2. This is simply a reformulation of the classification of Markov traces {p n } n >i on {Y dfi n}n >l given by 
Theorem 15.31 leading to the basis { {p M o n } ra >i | p° £ Comp° } in (l46l) . □ 


Invariants for classical links from Yd. n . The classical braid group B n is naturally a subgroup of the Z/dZ- 
framed braid group L/dLlB n (a classical braid is seen as a Z/dZ-framed braid with all framings equal to 0). 
Therefore, one can restrict the maps Fr^) p in (l53l) to classical links, and obtain invariants for classical links 
since the Markov’s theorem is formally the same for classical and Z/dZ-framed links; compare (H5|) and (1501) . 

Explicitly, let K be a link and 8k £ B n a braid on n strands having K as its closure. We now see 8k as 
an element of the Z/dZ-framed braid group Z/dZ l B n and we set 

t y, p (K) = pn°SY tn (8K) ■ (56) 

For pP £ Comp^, we denote by r ^) p0 the map corresponding to the Markov trace o jrl } n >i considered in 
m . According to the above discussion, the following corollary is immediately deduced from Theorem 16.41 

Corollary 6.5. 1. For any Markov trace {p n }n>i on {Yd,n}n>h the map Ty is an isotopy invariant 

for classical links with values in R = C[u ± 1 ,w ± 1 ,'y ±1 ]. 

2. The set of invariants for classical links obtained from the Yokonuma-Hecke algebras via this construc¬ 
tion consists of all R-linear combinations of invariants from the set 

{ r v>° I S Cornp^ | . (57) 

Note that, in the definition of the invariant F y p {K) in (1551) . even though the word 8k only contains 
generators a,; (and no tj), the image t>y n (8K) in the algebra Y d ,n does involve in general the generators tj 
(more precisely, it involves the elements ej). Indeed, first, the image of o t by the map Sy n contains the 
idempotent et- Besides, even if 7 is specialized to 1, as soon as one of for example appears in 8k, then the 
last relation of (Q is used to calculate p n o Sy u (8k), and this last relation involves the idempotent ej. 
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Example 6.6. Let d = 2. We will explicitly give Fy^ 0 (K) for /x° £ Comp 2 and some classical links K. 
Using the notations of on, let K\ = L10a46 and K 2 = LlOallO. For each of these two links, one can find in 
m a braid on 4 strands closing to the link. Namely, the braid /3\ = <J 2 cr 2 1 cr 3 1 cr 2 1 crfa 2 1 tJ 3 1 cr 2 1 (J\ admits 
Ki as its closure, while the braid /3i = a\a 4 x a ^ 1 admits K 2 as its closure. Thus we can use the 
calculations made in Example 13.61 


• We first consider /x° = (1, 0) or /x° = (0,1). Then we have, by definition, Fy ^ 0 (Ki) = 74 o 4^ o <5y 4 (/3i) 
(* = 1,2), where /x is the composition (4,0) or (0,4), and T 4 comes from the unique Markov trace {r n } n > 1 
on the Iwahori-Hecke algebras. It is straightforward to see that in this situation, from the formulas in 
Example 13.61 we have 8y 4 (/3i) = (fir, 4 (A), and in turn that we have Ty^(Ki) = Fu{Ki) (the HOMFLYPT 
polynomial). This is a general property of the invariants r^. 0 when |/x°| = 1; see Proposition 16.121 below. 


Then we consider /x° = (1,1). By definition, we have (i = 1, 2) 

l-^o{Ki) = (( 7-3 ® ri) o Tr o 4/ (3 ,i) + (n ® r 3 ) oTro 4>( 1)3 ) + (r 2 <g) r 2 ) o Tr o 4>( 2 , 2 )) o <f^ 4 (/3j), (58) 


p7 
1 Y.l 


where Tr is the usual trace of a matrix. So we need first to calculate 4^ o Sy 4 (Bi ) for /x = (3,1), (1,3), (2,2). 
Take for example i = 1 and /x = (3,1). According to Example 13.61 the generators gi, g 2 and g 3 map under 
41 ( 31 ) o Sy 4 respectively to 


/ • • \ 

u'y 

■ ■ T x ■ 

V ■ • ■ 


/ 7j ■ • • \ 


( t 2 ■ • • \ 


and 

■ T 2 ■ ■ 

U^f 


U'y 

V • • • T 2) 


\ • • ' / 


Performing the matrix multiplication corresponding to the braid /?i given above, we obtain 

( ■ ■ (zty ) 2 T ) 2 T 2 1 T 4 1 T 2 T 4 1 ■ \ 

T 1 2 T 2 _ 1 T 1 3 T 2 T 1 


^(3,1) 4(^1) — 


(uj ) 4 


\ (ix 7 ) 5 T 1 - 1 T 2 - 1 Tr 1 T 2 - 1 Ti 


« 7 T 2 - 1 Tfr 2 - 1 


This gives a contribution (i.e. a term in the sum (j58)l ) to Fy 0 (K\) equal to 


1 


r 3 (T 2 T 2 _ 1 T 3 T 2 Ti). It is 


Y * ov'-z-i— - (u7) 4 

easy to see that the composition (1, 3) gives the same contribution to ry )j 0 (ll'i). A similar calculation shows 
that the composition ( 2 , 2 ) gives a contribution equal to 0 (this can also be deduced without calculation 
from the fact that the underlying permutation of /3i is ( 1 , 2 ,4) and this cycle structure makes impossible for 
o 5y 4 ((3 1 ) to have a non-zero diagonal term). 

A similar procedure for /3 2 shows that the compositions (3,1) and (1,3) give both a contribution to 

2 r 2 (T?f. 


F^ 0 (K 2 ) equal to 0 , while the composition ( 2 , 2 ) gives a contribution equal to 


(zxy ) 4 


Quite remarkably, even though the two calculations involve different compositions and different elements 
of Iwahori-Hecke algebras, these two calculations lead finally to 

r Y ,»°( K 0 = T yA K 2 ) = 


-{2u 2 - u 4 + v 2 ) 2 . 


From m , we note that these two links . K 2 are topologically different and are however not distinguished 
by the HOMFLYPT polynomial. We just checked that they are not distinguished neither by the invariants 
F^ 0 (when d = 2) coming from the Yokonuma-Hecke algebras. 

In fact, we will prove below in Proposition 16.131 that (for any d), the set of invariants {Ty^o} is topologi¬ 
cally equivalent to the HOMFLYPT polynomial when restricted to classical knots. We note that the question 
remains open for classical links which are not knots. However, computational data seem to indicate that the 
invariants are topologically equivalent as well for all classical links (we checked this by direct calculations, 
as in the example here, for d = 2 and links up to 10 crossings; see also [2]). A 
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6.4 Comparison of invariants for classical links 

As already explained, when calculating the invariant for a classical link using the Yokonuma-Hecke algebras, 
the additional generators tj play a non-trivial role, and therefore these invariants are a priori different from 
the HOMFLYPT polynomial. In this part, we will compare the set of invariants for classical links obtained 
from the Yokonuma-Hecke algebras with the HOMFLYPT polynomial. The main question is whether or 
not they are topologically equivalent. 

According to Corollary 16.51 we can express any invariant for classical links obtained from the algebras 
Yd t n via the above construction as a linear combination of the invariants denoted Ty 0) where p ® £ Comp®. 
The main question is whether we have, for any two classical links AT, AT, 

(V/i° £ Comp®, r^ 0 (AT) = r^o(AT)) r„(AT) = r n (K 2 ). 

In this part, we will show first that the set {Fy ^ 0 | p° £ Comp®} contains so that only one half of 
the equivalence is not trivial. Secondly, we will show that this equivalence is true whenever we restrict our 
attention to classical knots. We refer to mm for similar results about Juyumaya-Lambropoulou invariants. 
Note that these invariants are shown in Section 16.51 below to be certain linear combinations of the set 
{F^ 0 | p° £ Comp^} for some specific value of 7 . 


The HOMFLYPT polynomial from Yd,n- Among the basic invariants we consider in this paragraph 

the ones for which |/z®| = 1 . 

Proposition 6.7. Let p° £ Comp d (l). We have, for any classical link K, 


Fy^o {K) = Y H {K) . 

In particular, the set of invariants for classical links obtained from Yd^ n contains the HOMFLYPT polynomial. 

Proof. Let p° £ Comp d (l) (so that p° automatically belongs to Comp®). So there exists a £ {l,...,d} 
such that fi Q = (0,..., 0,1, 0,..., 0) with 1 in a-th position. Note that a composition p with d parts satisfies 
[/z] = /z® if and only if p = (0,..., 0, n, 0,..., 0) with n in a-th position for some n > 1. 

So let n > 1 and p = (0,..., 0, n, 0,..., 0) with n in a-th position. In this situation, we have W' = TL n 
and TTifj, = 1. According to Formula (1451) . the linear function p ^0 n is then given by 


Pfj,°, n (x) =r n o , for any x £ Y d , n 


(59) 


The defining formula (1221) for the isomorphism 4T becomes simply 'P ^(E^g^ = T w for w £ & n , and in 
particular, we have 

'P^ E n9i) = T i ) for any i = 1,..., n — 1. (60) 

Note that E^ei = E for any i = 1,..., n — 1, since, for the considered p, we have E^ti = (both are 

equals to € a E,j,). Therefore 


E n^Y,n( a i) — E n (7 + (1 - 7 )ei)gi = E n9i , for any i = 1 ,..., n - 1 . (61) 


To conclude, let /3 £ B n be a classical braid. Equations H5DD-IED, together with the fact that 4/^ is a 
morphism, yields 




which gives in turn, using (l59l) . that p^o n o <5y„(/3) = r n o 5u, n (P)- This is the desired result. □ 
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Equivalence of invariants for classical knots. Let /3 £ B n , for some n > 1, be a classical braid. From 
the presentation (1471) of B n , there is a surjective morphism from B n to the symmetric group ©„ given by 
K > Si = (i,i + 1) for i = 1,... ,n — 1. We will denote /3 £ ©„ the image of /? and refer to it as the 
underlying permutation of ft. 

Now, the necessary and sufficient condition for the closure of ft to be a knot (that is, a link with only 
one connected component) is that the underlying permutation ft leaves no non-trivial subset of { 1 ,..., n\ 
invariant. In other words, the closure of /3 is a knot if and only if /? is a cycle of length n. 

Proposition 6 . 8 . For any classical knot K and any p° £ CompJ), 

rj »(K) = ( r *< K > 

\ 0 otherwise . 

In particular, for classical knots, the invariants obtained from Yd, n are topologically equivalent to the HOM- 
FLYPT polynomial. 

Proof. Let K be a classical knot and j3 £ B n , for some n > 1, a classical braid closing to K. To save space 
during the proof, we set xp := 5y n (/3) £ Y ( i n . 

Let p° £ Comp^ with |/u°| > 1. According to Proposition 16.71 we only have to prove that r^^AT) = 0 
which is equivalent to Pf_fi n {xp) = 0. We will actually prove the following stronger statement: 

Tr M at m „ o'!/ ^(fE^xp) = 0 , for any p £ Comp d (?r) such that [/i] = p°, and any k £ { 1 ,..., to m }. 

The required assertion will then follow from (1451) and the fact that E^xp = Xa<fc<m E x £Xp. 

We first note that, in the framed braid group Z/dZ i B n , we have fttj = tp^f), for j = 1,... ,n, due 
to the fourth relation in (1491) . Therefore, in Yd, n , we have xptj = tp/^xp, for j = 1 ,...,n, and in turn 
xpE x = Ep^xp for any character x of (Z/dZ) ra . 

Then let p £ Comp d (n) such that [/r] = p° and k £ {l,...,m M }. We recall that n £ ©„ satisfies 
= Xk ^ and on ly if 71 belongs to a subgroup of 6 n conjugated to © M (namely, to n with 
the notations of Section By the assumption on p, we have at least two integers a,b £ {1,..., d} such 
that p a , pb > 1, and thus the subgroup ©^ = © Ml x • • • x © Md contains no cycle of length n. This means in 
particular that $~ 1 (Xk) 7^ Xk s i nce ^ is a cycle of length n as K is a knot. 

Finally, we write E x ^xp = Ef^xp — E x »xpEp- i( x £) and we conclude the proof with the following 
calculation 

Tr Ma t mM oV^E^xpEp-!^) = Tr Ma t m)l = 0 , 

where we used that E X E X / = 0 if \ 7 ^ x'■ □ 

Remark 6.9. Note that in general, for an arbitrary Markov trace {p ra } ra >i, the invariant Ty p (K) is an 
element of the ring R = C[u ±:L , v^ 1 , t^ 1 ]. For a classical knot K, Proposition 16.81 asserts in particular that 
every invariant Ty p0 (K) (p° £ Comp^) belongs actually to the subring C[u ± 1 ,u ±1 ]. Further, for a classical 
link K , Proposition 16.71 asserts in particular that, when p° £ Comp d (l), the invariant Ty p0 (K) belongs as 
well to the subring C[u ± 1 ,'i; =t1 ]. So for classical links, the parameter 7 in fact starts to play a non-trivial role 
when K is not a knot and |/i°| > 1 (see Example 16.61) . 

6.5 Connections with the approach of Juyumaya-Lambropoulou 

Analogue of the Ocneanu trace and invariants. Let q be an indeterminate. In [2] [lOl [ 12 j [13, 14, TS] , 
the Yokonuma-Hecke algebra is presented as a certain quotient of the group algebra over C[g,g _1 ] of the 
Z/dZ-framed braid group Z/dZ;R n . Namely, there are generators G\, G 2 , ■ ■ ■, Gn-i and t \,..., t n , satisfying 
the same relations as in @ (with gi replaced by Gi) except the last one, which is replaced by 

G} = 1 + (q - 1 )ei + (q - 1 )eiGi , i = 1 ,..., n - 1 . 
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To avoid confusion, we will denote this algebra by Y d ^ n , and we will give an explicit isomorphism between 
and Y d _ n later. 

Let 2 be another indeterminate. For convenience, we set k := C(yfq,z). Let ci,... ,c d -1 be arbitrary 
elements of k and set Co := 1. In uni, it is proved that there is a unique fc-linear function tr on the chain, in 
n, of algebras kY d ^ n with values in k satisfying: 


(CO) 

tr(l) = 1 , 







(Cl) 

tr (xy) = tr (yx) , 

for 

any 

n 

> 

1 and 

*£5 y ^ 

(C2) 

tr(a;G n ) = 2 tr(x) , 

for 

any 

n 

> 

1 and 


(C3) 

tr (xt b n+1 ) = c b tr(x) , 

for 

any 

n 

> 

0,16 

Y d , n and b 

Yd,n 

is identified with a subalgebra of Y d . 

n +1 for 

any n > 1. 


(62) 


In [15], it is explained how to obtain isotopy invariants for classical and framed links from the linear 
function tr (see also mm for classical and framed links and m for singular links). This is done as follows. 

First we take the parameters {co, Ci,..., c d - 1 } to be solutions of the so-called E-system [14] Appendix]. 
To do so, we fix a non-empty subset S C {1,..., d}, and we set 


Cb := 


\S\ 




a£S 


for b = 0,1,..., d — 1, 


(63) 


where we recall that {£i,..., f d } is the set of d-th roots of unity. We denote tr# the unique linear function 
satisfying (1551) for the values (1551) of the parameters cq, Ci, ..., Cd-i, and we set: 


E S := 


As := 


z + { l - q)E s 


and 


D s ■= 


I'S'I ' qz ' y/Xsz ’ 

where the field k is extended by an element yfX s- We denote by ks this new field. 
We let 5y.\ be the surjective morphism from ks [Z/dZ 1 _B„] to ksY d>n , defined by 


d (S) 

°Y,n 


H- y/TsG, (i = l,...,n- 1), tji-ttj (j = 1,... ,n). 


(64) 


(65) 


The fact that 8y j L defines indeed an algebra morphism follows from the homogeneity of the relations (14911 in 
the braid generators ai. 

Finally, let I\ be a Z/dZ-framed link and fig £ 7Ljd7L I B n a Z/dZ-framed braid on n strands having K 
as its closure. Then we define the map FAy^j from the set of Z/dZ-framed links to the field ks by 


FA y,s{K) = DT 1 ■ trs o(Sg(^) . (66) 

Theorem 6.10 (Juyumaya-Lambropoulou [15]). For any S C {l,...,d}, the map FAy^ is an isotopy 
invariant for Z/dZ-/ramed links. 

Remark 6.11. As in the previous section, the invariants FAy s can be restricted to give invariants for 
classical links p[4|. We denote Ays the corresponding invariants for classical links. 


Comparison with invariants FTy . We keep S a fixed non-empty subset of {1,..., d}, and Co, Ci,..., c d _i 
the associated solution (1551) of the E-system. In order to relate the invariant FAy 5 (respectively, A y s) to 
the invariants of the form Fr^ p (respectively, Ty p ) obtained in Subsection 16.31 we denote 

Ps,n • ks^ djU y ks j ps,n{E) .— Eg * ti^(x) , 
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and define new generators by 


9i ■= \/Xs(v / 9 + (! ~ y/q)e-i)Gi , * = l,...,n-l. (67) 

Straightforward calculations show first that this change of generators is invertible since 

Gi = y/\s (v 7 ? -1 + (1 - Vqr X )ei)gi , i = 1,... ,n — 1 , (68) 

and moreover, that these new generators gi, .. ., g„_i satisfy all the defining relation in j7]) of Y ( ]. n , where 


u := y/qXs and v := (q - l)\/\s , (69) 

Thus, Formulas (1671) and (1681) provide mutually inverse isomorphisms between ksY d ^ n and ksY d , n , and in 
turn, the linear maps ps,n (n > 1) can be seen, via this isomorphism, as linear maps on ksY d , n ■ We note 
the following formula, which is derived directly from (l69l) and (l64l) : 

n- 1 (l-u 2 ) = ^. (70) 

Proposition 6.12. (i) The family of linear maps {ps,n}n> l satisfies Conditions (Ml) and (M2) in \36\) . 

and is thus a Markov trace on {ksY dyn } n > i- 

(ii) Moreover, we have 

FA y,s = Fr^ 1 . (71) 

Proof, (i) The trace condition (Ml) is obviously satisfied by the linear maps ps,n- From Theorem 16.101 it 
follows that the family of linear maps {f>s,n\n> l satisfies 


P S .n+l^Gn) 


PS,n( X ) 


and ps.n+lixGn 1 ) = \As PS,n(x) , 


for any n > 1 and x £ Yd, n . 


It follows from Formula ([67]) and a short calculation that a.- 1 = \/Ic 1 (v / 9 1 + (1 — yjq 1 )ei)G i 1 . According 
to this and to Formula (1671) , the Markov condition (M2) will be satisfied if 

PS'U+iixenGn 1 ) = ps^+iixG^ 1 ) , for any n > 1 and x £ Y diU . 


The end of the proof of Theorem 16.41 item 1, from Relation (l55l) . can be repeated here. 

(ii) This is immediate in view of (l66l) and (l68l) . taking into account the definition (l65l) of Syl,- D 

At this point, we proved that the invariants FAy.s (and thus A y.s as well) are included in the sets of 
invariants constructed in this paper. For a given S, to identify precisely to which invariant FAys corresponds, 
in view of (1711) . it remains to determine the Markov trace {ps,n}n>i in terms of the classification given in 
Theorem 15.31 


Proposition 6.13. Using notations as in Theorem \5.!A the Markov trace {ps,n}n >l on {kYd, n } n >i is given 
by the following choice of parameters: 


a M o 


0 

D \^\- 

u s 

|S|I^°I 


if p° a > 0 for some a S, 
otherwise. 


(72) 
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Proof. Let {a^o , p° £ Comp))} be the set of parameters, which is to be determined, corresponding to 
{ps,n}n> i- We recall that, from the classification result, the associated traces pg are of the form 

Ps = "bn ® ® , for any p £ Comp d (n). 

For a £ {l,...,d}, we denote by a a (respectively, \ Q ) the parameter (respectively, the character) corre¬ 
sponding to the composition (0 ,..., 0,1,0,..., 0) with 1 in a-th position. 

First, Condition (C3) in (RSI) for n = 0 gives 

PsAti) =c b , b = 0 , ... ,d- 1 . 

On the other hand, we write t\ = Ei< a <d and we obtain 

PS,l{t\)= C a a=C b , 6 = 0 , 

1 <a<d 

Inverting the Vandermonde matrix of size d with coefficients £*• in row i and column j, this yields: 

a a = \ C &c b i a = 1,... ,d . (73) 

a 0<b<cL-l 

Taking into account now the values of c b in (16311 corresponding to S, we obtain Formula (1721) when |/r°| = 1. 
Let n > 0. Condition (C3) in (l62l) now gives 

PS,n+l A^n+1 ) DsC b ps,n(,A ? % £ ^ d,ni 6 0, . . . , d 1 . 

Let p £ Comp d (n) and let Xi be the character of (Z/dZ)” defined in (flTJl) . We then have, by construction, 

Ps,n(E x = pA 1) , 

while, on the other hand, writing E x ^t b n+1 = E 1 <a<d £ E ) we have 

Xi 

ps,n+i(E x .t b n+ 1 )= Y, 6 = 0,..., d — 1 . 

1 <.a<d 

We conclude that, for any p £ Comp d (n) and 6 = 0,..., d — 1, we have 


[ “]] • r Mi( 1 )---' r Ma+i( 1 )---' r w( 1 ) = D s c b a M -r M1 (l)...r Mo (l)...r w (l) . 

1 <a<d 

Inverting the same matrix as above, and using the already obtained formula (1731) . we conclude that 

«[/>]] ' Ai( 1 )--- T /^+i( 1 )---'Ad( 1 ) = D s a a a M •T M1 (l)...T Ma (l)...r A1<J (l), a = 1, ... ,d . 

Now when p a = 0, this yields ar ;i [ 0 ]| = Dga a a^, which is what is needed to conclude the proof. □ 

Remark 6.14. Following Remark 15.61 after the proof of Theorem 15.31 we notice that the associated traces 
corresponding to {ps,n}n>i are given, for p £ Comp d (n), by 


Ps = 



if p a > 0 for some a ^ S, 
otherwise. 


where r n acts on TP by restriction from 'H n . This follows directly from Proposition 16.131 and (1701) . 
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Remark 6.15. Proposition ^. 131 gives the explicit decomposition of the Markov trace {ps,n}n> 1 in the basis 
{ {P[i°,n}n>i I P° G Comp]] } and in turn, together with Proposition 16.121 relates explicitly the invariant 
FAy,s with the invariants obtained in this paper. Concretely, we have: 


FAyys = £ ^oFT^ , 

At°eComp2 

where the coefficients a^o are given by m, and the variables u and v are expressed in terms of variables q 

and Xg according to (Rj!)1) . A 
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